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Accurate relativistic many-body calculations of van der Waals coefficients
C8 and C10 for alkali-metal dimers

Sergey G. Porseva) and Andrei Derevianko
Physics Department, University of Nevada, Reno, Nevada 89557-0058

~Received 13 March 2003; accepted 7 April 2003!

We consider long-range interactions between two alkali-metal atoms in their respective ground
states. We extend the previous relativistic many-body calculations ofC6 dispersion coefficients
@Phys. Rev. Lett.82, 3589~1999!# to higher-multipole coefficientsC8 andC10. Special attention is
paid to usually omitted contribution of core-excited states. We calculate this contribution within
relativistic random-phase approximation and demonstrate that for heavy atoms core excitations
contribute as much as 10% to the dispersion coefficients. We tabulate results for both homonuclear
and heteronuclear dimers and estimate theoretical uncertainties. The estimated uncertainties forC8

coefficients range from 0.5% for Li2 to 4% for Cs2 . © 2003 American Institute of Physics.
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I. INTRODUCTION

We carry out accurate relativistic many-body atom
structure calculations of van der Waals interactions1 between
alkali-metal atoms in their respective ground states. Th
long-range interactions may be parametrized using dis
sion ~van der Waals! coefficientsCn

V~R!'2
C6

R6
2

C8

R8
2

C10

R10
1¯, ~1!

whereR is the internuclear separation. A renewed interes
high-accuracy interatomic potentials has been stimulated
advances in studies of ultracold collisions.2 At low energies,
collision properties are typically very sensitive to details
the potentials. Thus accurate potentials are essential for
able ab initio description of ultracold collision propertie
and, conversely, a wealth of information about the potent
may be inferred from photoassociation and Feshba
resonance spectroscopy with ultracold atomic samples
particular, only recently interpretation of experiments w
ultracold atoms allowed several groups to reduce uncert
ties in theC6 coefficients to a fraction of a percent.3–5 These
inferred coefficients are in an excellent agreement with
values predicted using many-body perturbation theory.6 Even
more refined understanding of details of ultracold collisio
led very recently to constraints on higher-multipole coe
cientC8 for Rb ~Refs. 7 and 8! and Cs.9 This latest progress
and discrepancies between previous determinations10–14 of
C8 andC10 coefficients motivate us to calculate these co
ficients using accurate relativistic many-body techniques
atomic structure. In particular, we demonstrate that usu
omitted contribution of core-excited states increasesCn for
heavy atoms by as much as 10%.

The main result of the paper—compilation of van d
Waals coefficientsC8 andC10 for homonuclear and hetero

a!Permanent address: Petersburg Nuclear Physics Institute, Gatchina, L
grad district, 188300, Russia.
8440021-9606/2003/119(2)/844/7/$20.00
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nuclear Li, Na, K, Rb, and Cs dimers—is presented in Tab
VI–IX. The rest of the paper is organized as follows. In Se
II we present the formalism. Numerical evaluation is d
cussed in Sec. III. A detailed analysis of underlying mu
pole dynamic and static polarizabilities is presented in S
IV. Finally, in Sec. V we compile dispersion coefficients an
estimate theoretical uncertainties. Atomic units (ueu5me

5\[1) are used throughout the paper.

II. GENERAL FORMALISM

The long-range part of electrostatic interaction betwe
two atomsa andb in their respective spherically symmetr
states may be represented as1

V~R!52 (
n53

C2n
ab/R2n, ~2!

whereR is the distance between atoms. For ground-state
oms van der Waals coefficients are given by14

C2n
ab5

~2n22!!

2p (
l 51

n22
1

~2l !! ~2l 8!! E0

`

a l
a~ iv!a l 8

b
~ iv!dv,

~3!

where l 85n2 l 21; a l
a( iv) and a l 8

b ( iv) are, respectively,

2l-pole dynamic polarizability of atoma and 2l 8-pole dy-
namic polarizability of atomb. The dynamic polarizabilities
in Eq. ~3! are defined as

a l~ iv!52 Re(
k

^C0uT0
~ l !uCk&^CkuT0

~ l !uC0&

~Ek2E0!1 iv
. ~4!

Here the summation extends over a complete set of ato
states andT0

( l ) are the zeroth components of spherical tens
of electric-multipole operators,

Tm
~ l !5(

i 51

N

r i
lCm

~ l !~ r̂ i !, ~5!in-
© 2003 American Institute of Physics
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TABLE I. Comparison of DHF and many-body one-electron removal energiesEval for Cs with experimental
values.Eval are given in atomic units.D are excitation energies from the ground 6s1/2 state in cm21. Fors states
the energies were calculated withd520.20 a.u., ford states withd50.0 a.u., and forp with d520.09 a.u.

Config.

DHF DHF1MBPT Experimental~Ref. 34!

Eval D Eval D Eval D

6s1/2 0.127368 0.143085 0.143099a

6p1/2 0.085616 9163.6 0.092173 11172.2 0.092167 11178.2
6p3/2 0.083785 9565.3 0.089609 11734.9 0.089642 11732.4
5d3/2 0.064419 13815.7 0.076995 14503.3 0.077035 14499.5
5d5/2 0.064529 13791.5 0.076459 14621.0 0.076590 14597.1
7s1/2 0.055187 15841.8 0.058475 18568.0 0.058645 18535.5
7p1/2 0.042021 18731.4 0.043868 21773.9 0.043928 21765.7
7p3/2 0.041368 18874.8 0.043041 21955.4 0.043103 21946.7

aFor the ground stateEval is equal to the ionization potential IP~Cs!531 406.71 cm21 ~Ref. 34!.
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whereCm
( l ) are normalized spherical harmonics15 and the sum

is over allN atomic electrons.
Previously many-body calculations of dispersion coe

cientsC6 were carried out in Refs. 6 and 16, and here
focus on dispersion coefficientsC8 and C10. As follows
from an examination of Eq.~3!, we need to compute dipol
a1 , quadrupolea2 , and octupolea3 dynamic polarizabil-
ities. In this work we employ dynamic dipole polarizabilitie
calculated previously in Ref. 6 and determine high
multipole polarizabilitiesa2 anda3 .

Following Ref. 6 we separate all intermediate states
the sum Eq.~4! into valence and core-excited states,

a l~ iv!5a l
v~ iv!1a l

c~ iv!1a l
cv~ iv!. ~6!

Here a l
v( iv) is a traditional term encapsulating excitatio

of the valence electron. Contributions of electric-multipo
excitations of core electrons are denoted bya l

c( iv). Finally,
a small counter terma l

cv( iv) is related to excitations of cor
electrons to occupied valence state. We include th
exclusion-principle-forbidden excitations in the calculatio
of core polarizabilities and thus we have to introduce
counter term~see Ref. 17 for more details!. We will discuss
calculations of thea l

v( iv) anda l
c( iv) terms later on. Here

we just briefly comment on the counterterma l
cv( iv). For

octupole polarizabilitiesa3
cv( iv) term simply vanishes in

independent-particle approximation sinceE3 selection rules
p 2008 to 134.197.31.110. Redistribution subject to AI
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would require an excitation fromf shell to valences state and
none of the alkalis considered here~Li through Cs! has filled
f shells. Since we employ dipole polarizabilities from Ref.
the counter term, calculated in Dirac-Hartree-Fock~DHF!
approximation is included ina1( iv). Finally we disregard
this correction for quadrupole polarizabilities; it gives a ne
ligible contribution due to required excitation of deep
boundd electrons from the core.

High-accuracy calculations of thedipole dynamic polar-
izabilities were carried out earlier in Ref. 6 and we empl
these dipole polarizabilities in the present work. In tho
calculations a combination of several relativistic many-bo
techniques was employed. A dominant contribution toa1

v has
been calculated with all-order linearized coupled-clus
method truncated at single and double excitations. Hi
accuracy experimental values for energies and electric-dip
matrix elements for principle transitions have been emplo
to refine the dipole polarizabilities. In the following we focu
on the quadrupole and octupole polarizabilities.

To find the quadrupolea2
v and octupolea3

v valence con-
tributions we applied a relativistic many-body method in
tially suggested in Refs. 18 and 19 and subsequently de
oped in Refs. 20 and 21. In this method one determines w
functions from solution of the effective many-body Schr¨-
dinger equation,
ent
re
TABLE II. Static quadrupole polarizabilitiesa2 for ground states of alkali-metal atoms in a.u. We pres
valence contributions for the cases of pure DHF and DHF1MBPT, and core contributions. Final values we
determined as sum ofa2

v ~DHF1MBPT! anda2
c .

Li Na K Rb Cs

a2
v ~DHF! 1485.5 2230.3 7049 9790 16613

a2
v ~DHF1MBPT! 1424.5 1883.6 4983 6488 10388

a2
c ~RRPA! 0.1 1.5 16 35 86

Final 1424~4! 1885~26! 5000~45! 6520~80! 10470~390!
Other works

Patil and Tang~Ref. 35! 1393 1796 4703 6068 10260
Patil and Tang~Ref. 14! 1403 1807 4760 6163 10400
Yan et al. ~Ref. 30! 1423.266~5!
Marinescuet al. ~Ref. 13! 1424 1878 5000 6495 10462
Spelsberget al. ~Ref. 36! 1423 1879 5001
Maeder and Kutzelnigg~Ref. 10! 1383 1799 4597 5979 9478
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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TABLE III. Static octupole polarizabilitiesa3 for ground states of alkali-metal atoms in 104 a.u. We present
valence contributions for the cases of pure DHF and DHF1MBPT, and core contributions. Final values we
determined as sum ofa3

v ~DHF1MBPT! anda3
c .

Li Na K Rb Cs

a3
v ~DHF! 4.185 6.888 28.10 41.50 76.49

a3
v ~DHF1MBPT! 3.957 5.536 17.73 23.66 39.43

a3
c ~RRPA! 0 0.001 0.01 0.03 0.10

Final 3.957 5.54 17.7 23.7 39.5

Other works
Patil and Tang~Ref. 35! 3.871 5.287 16.07 20.73 33.12
Patil and Tang~Ref. 14! 3.986 5.430 16.30 20.97 33.33
Yan et al. ~Ref. 30! 3.965049~8!
Marinescuet al. ~Ref. 13! 3.969 5.552 17.69 23.69 39.53
Spelsberget al. ~Ref. 36! 3.927 5.486 19.14
Maeder and Kutzelnigg~Ref. 10! 3.680 5.117 15.02 21.27 33.99
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Heff~En!uCn&5EnuCn&, ~7!

with the effective Hamiltonian defined as

Heff~E!5HFC1(~E!. ~8!

HereHFC is the frozen-core Dirac-Hartree-Fock Hamiltonia
and self-energy operator( is the energy-dependent corre
tion, involving core excitations. Qualitatively the( operator
corresponds to the core polarization term in model potent
employed in Refs. 13 and 14. In the present calculation
self-energy operator recovers second order of perturba
theory in residual Coulomb interaction and additiona
accounts for certain classes of many-body diagrams in
orders of perturbation theory.

The concept of effective HamiltonianHeff may be ex-
tended to other operators. We introduce effective~or dressed!
electric-multipole operatorsTeff

l acting in the model space o
valence electrons. These operators were obtained within
relativistic random-phase approximation~RRPA!.20,22,23

Qualitatively, the RRPA describes a shielding of the ext
nally applied electric-multipole field by the core electron
The RRPA sequence of diagrams was summed to all or
of the perturbation theory.

Once the ground-state wave functions are obtained f
Eq. ~7!, the dynamicvalence polarizabilities a l

v( iv) are
computed with the Sternheimer24 or Dalgarno–Lewis25

method implemented in the DHF1(1RRPA framework.@In
the following we denote(1RRPA corrections as the many
body perturbation theory~MBPT! corrections.# Given the
ground-state wave functionC0 and energyE0 , we find an
intermediate-state wave functionC f from an inhomogeneou
equation,
p 2008 to 134.197.31.110. Redistribution subject to AI
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uC f&5ReH 1

Heff2E01 iv
(

i
uC i&^C i u~T0

l !effuC0&J
~9!

5ReH 1

Heff2E01 iv
~T0

l !effuC0&J .

With such introducedC f Eq. ~4! becomes simply

a l
v~ iv!52^C0u~T0

l !effuC f&, ~10!

where subscriptv emphasized that only excitations of th
valence electron to higher virtual orbitals are included in
intermediate-state wave functionC f due to the presence o
Heff in Eq. ~9!. As to additional contributiona l

c of core-
excited states, we employ the relativistic random-phase
proximation method described in Refs. 22 and 23.

III. DETAILS OF NUMERICAL CALCULATION

At the first stage of calculations we determined core
bitals and valence orbitals for several low-lying states fro
the frozen-core Dirac-Hartree-Fock equations.26 The virtual
orbitals were determined with the help of a recurre
procedure.27 One-electron basis sets of the following siz
were used on the stage DHF1( calculations:

Li: 1 217s,2217p,3216d,4216f ,5210g;

Na: 1218s,2218p,3217d,4217f ,5211g;

K: 1219s,2219p,3218d,4219f ,5212g;

Rb: 1220s,2220p,3219d,4219f ,5213g;

Cs: 1223s,2223p,3223d,4226f ,5214g.
those

TABLE IV. Static quadrupole polarizabilitiesa2

c(0) of singly charged ions of alkali-metal atoms~core polar-
izabilities!. Results marked RRPA are results of our calculations; these numerical values are identical to
by Johnsonet al.23 All values are in atomic units.

Li1 Na1 K1 Rb1 Cs1

RRPA 0.11 1.52 16.3 35.4 86.4
Patil ~Refs. 32 and 33! 1.64~15! 18.2~3.0! 42~3! 128~40!
Freeman and Kleppner~Ref. 37! 1.91~15!
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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Using these basis sets we solved the multiparticle Sc¨-
dinger equation~7! and found the wave functions of low
lying states. As discussed in Ref. 28 and demonstrate
Ref. 29 a proper approximation for the effective Hamiltoni
can substantially improve an agreement between calcul
and experimental spectra of multielectron atom. One can
troduce an energy shiftd and replace((E)→((E2d) in
the effective Hamiltonian, Eq.~8!. We have determinedd
from a fit of theoretical energy levels to experimental sp
trum. Using only one fitting parameterd we reproduced the
experimental energies for 12 low-lying states for Li and
10 low-lying states for Na and K with accuracy 0.1–0.2
To reproduce the low-lying energy levels with the same 0
0.2% accuracy for heavier Rb and Cs we used three fit
parameters~different shiftsd for different partial waves!. An
illustrative comparison for the heaviest atom Cs~55 elec-
trons! is presented in Table I. It is worth noting that an em
pirical introduction of shiftsd mimics higher-order many
body corrections in perturbation theory. We will estima
theoretical uncertainty based on sensitivity of our results
variation in these shifts.

IV. QUADRUPOLE AND OCTUPOLE
POLARIZABILITIES

To reiterate major steps of the formalism described
Sec. II, we determined ground-state wave functions from
effective many-body Schro¨dinger equation~7!, calculated
dressed electric multipole operatorsTeff , solved inhomoge-
neous equation~9!, and computed valence partsa l

v of dy-

TABLE V. Static octupole polarizabilitiesa3
c(0) of singly charged ions of

alkali-metal atoms~core polarizabilities!. All values are in atomic units.

Li1 Na1 K1 Rb1 Cs1

This work 0.17 7.5 110 314 1014
Patil ~Ref. 32! 95~10! 280~40! 1220~200!
Downloaded 02 Sep 2008 to 134.197.31.110. Redistribution subject to AI
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namic polarizability with Eq.~10!. Additional contributions
a l

c of core-exited states were calculated using the RR
method.

Calculation of dynamic polarizabilities withv50 gives
us the static polarizabilities. We provide these data in Tab
II and III and compare them with other results. To estima
uncertainties we present in the tables results of pure D
calculations and compare them with DHF1MBPT ones. The
uncertainties of calculations are associated with higher
ders of the MBPT which are taken into account only p
tially. The heavier the atom, the larger MBPT contribution
and we expect theoretical accuracy to become worse.
instance, the MBPT correction to the static quadrupole
larizability a2

v for Li is only 4%, while for Cs it attains 38%
For static octupole polarizabilitiesa3

v the MBPT corrections
are larger and range from 5% for Li to 48% for Cs.

Let us turn to estimates of theoretical uncertainty
quadrupole polarizabilities. Essentially it is based on sen
tivity of our results to semiempirically introduced shiftsd.
As mentioned in Sec. III an introduction of these shifts mim
ics omitted higher orders of perturbation theory. We estim
the theoretical error bar as a half of the difference betw
ab initio (d50) value and result with semiempirically cho
sen d. Further, an overwhelming contribution to stat
2l-pole polarizabilities Eq.~4! comes from the lowest-lying
valence state of proper angular symmetry. Since we reco
experimental energies almost exactly~see Table I!, the theo-
retical uncertainty is determined by an accuracy of calcu
tion for electric-multipole operators of principal transition
We write

da2~0!

a2~0!
; U^nsuT0

2un8d&d2^nsuT0
2un8d&d50

^nsuT0
2un8d&d50

U ,
wherens denotes the ground state andn8d stands for lowest-
lying valenced states. For example, following this procedu
we obtain an error bar of 0.3% for Li. Our result of 1424~4!
for Li is in excellent agreement with the value 1423.266~5!
TABLE VI. van der WaalsC8 coefficients in 105 a.u. for homonuclear dimers.C8
v values include only valence

contributions. The final values were determined as combination of DHF1MBPT method for valence contribu-
tions with RRPA calculations for core excitations.

Li Na K Rb Cs

C8
v 0.832 1.15 4.00 5.37 9.16

Final 0.834~4! 1.160~18! 4.20~5! 5.77~8! 10.2~4!

Other theoretical works
Patil and Tang~Ref. 14! 0.8183 1.090 3.892 5.258 9.546
Yan et al. ~Ref. 30! 0.834258~4!
Marinescuet al. ~Ref. 13! 0.8324 1.119 4.096 5.506 9.630
Spelsberget al. ~Ref. 36! 0.8303 1.141 4.011
Maeder and Kutzelnigg~Ref. 10! 0.8089 1.098 3.834 5.244 9.025

Experiment
van Kempenet al. ~Ref. 7! 5.79~49!

6.09~7!
Marte et al. ~Ref. 8! 5.73
Amiot and Dulieu~Ref. 38! 9.63~19!
Leo et al. ~Ref. 9! 8.4~4!
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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TABLE VII. van der WaalsC10 coefficients in 107 a.u. for homonuclear dimers.C10
v values include only

valence contributions.

Li Na K Rb Cs

C10
v 0.734 1.12 5.18 7.55 14.7

Final 0.735 1.13 5.37 7.96 15.9

Other theoretical works
Patil and Tang~Ref. 14! 0.7289 1.068 4.789 6.833 13.58
Yan et al. ~Ref. 30! 0.73721~1!
Marinescuet al. ~Ref. 13! 0.7365 1.107 5.248 7.665 15.20
Spelsberget al. ~Ref. 36! 0.7306 1.113 5.431
Maeder and Kutzelnigg~Ref. 10! 0.6901 1.036 4.522 6.836 13.01

Experiment
Amiot and Dulieu~Ref. 38! 13.59~27!
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from benchmark high-accuracy variational nonrelativis
calculations by Yanet al.30 We estimate theoretical unce
tainties for octupole polarizabilities to be at 10% level f
heavy atoms. Our results for static polarizabilities are lis
in Tables II and III. In these tables we also compare o
results with the predictions by other authors. We find that
light atoms there is a good agreement between different
sults except the values obtained by Maeder and Kutzelnig10

are consistently smaller. As the number of atomic electr
increases, the correlation effects become more pronoun
and discrepancies between results from different gro
grow larger. Marinescuet al.13 used a model potential with
five adjustment parameters obtained by fitting to experim
tal energy levels. Core polarization was included in t
pseudopotential and they also included effects of shield
~or field dressing! in the multipole operators. Patil an
Tang14 also used effective potential in their calculations
obtain the wave functions of excited states, but they u
one-parametric potential and did not use shielding in
multipole operators. Generally, our results are in a go
agreement with all results except for values by Maeder
Kutzelnigg.10 The latter were obtained more than 20 yea
ago. The core-polarization and relativistic effects were sim
lated by a pseudopotential, and the alkali-metal atoms w
treated as one-electron systems. Besides that these au
used small number of basis functions~e.g., only five basis
orbitals forp, d, andf partial waves! while a2 anda3 polar-
izabilities are very sensitive to details of construction a
saturation of basis sets.

Also shown in Tables II and III are the correctionsa l
c

due to core-excited states. These quantities are essen
polarizabilities of singly charged ions of alkali-metal atom
p 2008 to 134.197.31.110. Redistribution subject to AI
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Only by disregarding distortion of the core by the valen
electrons, may one identify correctionsa l

c as core polariz-
abilities. For static quadrupole polarizabilities their relati
contribution to the total polarizabilities ranges from 0.01
for Li to 0.8% for Cs. The core corrections to static octupo
polarizabilities are even smaller~just 0.25% for Cs!. Relative
smallness ofa l

c terms forstaticpolarizabilities may lead one
to a wrong assumption that the core excitations may be
regarded in calculations of van der Waals coefficientsCn . In
fact the expression~3! for Cn contains integration over an
infinite range of frequenciesv. While the region aroundv
50 does provide the dominant contribution toCn , the high-
frequency tail of the polarizability is still important. Asv
→` the core polarizability overpowers valence contributio
In fact, one of the points of the paper6 was to explicitly
demonstrate that for heavy atoms the core polarizability m
contribute as much as 15% toC6 dispersion coefficient. Here
using RRPA calculations ofa l

c( iv) core polarizability we
will arrive at a similar conclusion for higher-multipole coe
ficientsC8 andC10.

We calculated the core polarizabilities in the framewo
of relativistic random-phase approximation method~RRPA!.
Essentially we extended approach of Johnsonet al.23 and
incorporated frequency dependence into the calculatio
Compared to Ref. 23 we also employed a different numer
technique usingB-spline basis sets.31 With our newly devel-
oped code we recover the previous results23 for static dipole
and quadrupole polarizabilities. We found that unusua
large basis sets of 100B-splines were required to achieve
numerical convergence, especially for octupole polariza
ities of heavy atoms. Finally, we present a comparison of
TABLE VIII. van der WaalsC8 coefficients in 105 a.u. for heteronuclear dimers.C8
v values include only valence contributions.

Li–Na Li–K Li–Rb Li–Cs Na–K Na–Rb Na–Cs K–Rb K–Cs Rb–Cs

C8
v 0.982 1.91 2.26 3.07 2.18 2.56 3.43 4.64 6.13 7.04

Final 0.988~11! 1.95~2! 2.34~3! 3.21~10! 2.24~3! 2.66~4! 3.62~12! 4.93~6! 6.62~19! 7.69~22!

Other theoretical works
Ref. 14 0.949 1.852 2.190 3.049 2.082 2.444 3.355 4.531 6.162 7.111
Ref. 13 1.068 2.517 3.137 4.586 2.614 3.250 4.727 5.123 7.547 8.120
Ref. 36 0.978 1.911 2.174
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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TABLE IX. van der WaalsC10 coefficients in 107 a.u. for heteronuclear dimers.C10
v values include only valence contributions.

Li–Na Li–K Li–Rb Li–Cs Na–K Na–Rb Na–Cs K–Rb K–Cs Rb–Cs

C10
v 0.912 2.07 2.55 3.73 2.48 3.04 4.40 6.3 8.9 10.6

Final 0.916 2.10 2.61 3.84 2.53 3.13 4.55 6.6 9.4 11.3

Other theoretical works
Ref. 14 0.8859 1.949 2.356 3.379 2.303 2.773 3.948 5.724 8.077 9.6
Ref. 13 0.982 2.651 3.413 5.303 2.949 3.784 5.844 6.726 10.37 11.7
Ref. 36 0.9058 2.139 2.553
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computed RRPA static quadrupole and octupole core po
izabilities with other works in Tables IV and V. Patil32,33has
inferred these polarizabilities analyzing Rydberg spectra
alkalis. His results are in a uniform agreement with ourab
initio values.

V. VAN DER WAALS COEFFICIENTS

From general formula~3! dispersion coefficients may b
expressed as

C6
ab5Cab~1,1!, C8

ab5Cab~1,2!1Cab~2,1!,
~11!

C10
ab5Cab~2,2!1Cab~1,3!1Cab~3,1!.

Here the coefficientsCab( l ,l 8) are quadratures of atomic 2l-
and 2l 8-pole dynamic polarizabilities,

Cab~1,1!5
3

pE0

`

a1
a~ iv!a1

b~ iv!dv, ~12!

Cab~1,2!5
15

2pE0

`

a1
a~ iv!a2

b~ iv!dv, ~13!

Cab~2,2!5
35

p E
0

`

a2
a~ iv!a2

b~ iv!dv, ~14!

Cab~1,3!5
14

p E
0

`

a1
a~ iv!a3

b~ iv!dv. ~15!

Calculations of dynamic polarizabilities were discussed
the previous section and here we proceed to evaluation o
dispersion coefficients.

The computedC8 andC10 coefficients for homonuclea
and heteronuclear species are presented in Tables VI
The dispersion coefficientsC6 were tabulated previously in
Refs. 6 and 16. This completes the first application of re
tivistic many-body methods of atomic structure to calcu
tions of leading long-range interactions between ground-s
alkali-metal atoms.

To estimate uncertainties in our values we notice that
main value of the quadratures, Eqs.~12!–~15!, is accumu-
lated in the low-frequency regionv'0. Therefore the error
may be expressed via uncertainties in the static multip
polarizabilities,

dCab~ l ,l 8!

Cab~ l ,l 8!
5H S da l~0!

a l~0!
D 2

1S da l 8~0!

a l 8~0!
D 2J 1/2

.

The required uncertaintiesda l(0) were estimated in Sec. IV
and Ref. 6. The error induced inC8

ab is
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dC8
ab5$@dCab~1,2!#21@dCab~2,1!#2%1/2.

Here we assumed thataÞb. The formulas for homonuclea
dimers may be derived in a similar manner. The result
theoretical uncertainties forC8 coefficients range from 0.5%
for Li2 to 4% for Cs dimer. We anticipate uncertainty inC10

coefficients to be better than 10%.
It is instructive to consider the effect of core excitatio

contributiona l
c( iv) to dynamic polarizabilities and thus t

Cn coefficients. Such corrections are omitted in the mo
potential calculations such as Ref. 13 and 14. To illumin
the relative contributions of core excitations we compu
Cn coefficients by keeping only the valence contributions
the total dynamic polarizabilities,

a l~ iv!→a l
v~ iv!.

Such calculated dispersion coefficients are marked asC8
v and

C10
v in Tables VI–IX, while values marked ‘‘final’’ were ob-

tained with an additional inclusion of core excitations. Co
paring these values, we observe that relative contribution
a l

c( iv) term grows rapidly as the number of atomic ele
trons increases. For example, examining Table VI we see
core correction toC8 for Li is only 0.2%, while for Cs it is
10%. ForC10 coefficients the core contributions for all atom
are slightly smaller. Still for Cs core excitations contribu
8% to theC10 coefficient.

A comparison with results by other authors is presen
in Tables VI–IX. There is good agreement for light Li an
Na atoms. For heavier atoms, in particular for Cs, there
discrepancy at the level of 10% forC8 and 20% forC10

coefficients. Such tendency may be attributed to two fact
First, correlations become enhanced for heavier atoms.
other cause is that model-potential calculations such as R
13 and 14 disregard contribution of core-excited states. T
corresponds to the valence term denoted asCn

v in Tables
VI–IX. As mentioned above the core-excited states contr
ute at the level of 10% for Cs. If we disregard this contrib
tion, we see that the model-potential results are in a reas
able agreement with ourCn

v values.
Only recently interpretation of experiments with ultr

cold atoms allowed several groups to reduce uncertaintie
the C6 coefficients to a fraction of a percent.3–5 These in-
ferred coefficients are in an excellent agreement with
values predicted using many-body perturbation theory.6 Even
more refined understanding of details of ultracold collisio
led very recently to constraints on higher-multipole coe
cient C8 for Rb2 ~Refs. 7 and 8! and Cs dimer.9 In Table VI
we present a comparison with these inferred values.
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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computed value for Rb2 5.77~8! agrees well with C8

55.79(49) by van Kempenet al.7 and C855.73 by Marte
et al.8 However, we disagree with 1%-accurate result7 of
6.09~7! by four standard deviations. This 1%-accurate res
was obtained in Ref. 7 by setting additional constraints
the singlet potential of Rb dimer while including highe
multipole van der Waals coefficientsC11 andC12 in the fit.
For Cs2 our value 10.2~4! is in reasonable agreement wi
the result of Amiot and Dulieu,38 9.63~19!. The inferred
value by Leoet al.9 is C858.4(4); it disagrees with our
prediction by more than four standard deviations. It is wo
noting that while for Rb the inferred value lies above o
result, for Cs the situation is reversed and our value is lar

To conclude, we calculated static and dynamic quad
pole and octupole polarizabilities for ground states of Li, N
K, Rb, and Cs atoms. The calculations were carried out us
accurate relativistic many-body methods of atomic structu
With the computed polarizabilities we evaluatedC8 andC10

van der Waals coefficients for homonuclear and hete
nuclear dimers and estimated theoretical uncertainties.
estimated uncertainties forC8 coefficients range from 0.5%
for Li2 to 4% for Cs2 . We have highlighted the role of usu
ally omitted core excitations in calculation ofC8 and C10

coefficients and found that their contribution is important
heavy atoms K, Rb, and Cs.
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