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Abstract

I derive the general relativistic metric in terms of Newtonian potentials. The result
simplifies addition of metrics. Metric operations are derived. I further hypothesize that the
symmetric metric could represent an electromagnetic field as well as a gravitational field. I unify
the two fields of electromagnetism and gravity into one symmetric metric.

In the second part of this thesis, I derive a novel relativistic quantum equation. The
operators are derived, and the uncertainty relations are found. Solutions are analyzed for the flat-
space metric. The relativistic harmonic oscillator and 1/r potentials are also presented. The 1/r
potential is useful for studying the motion of a particle orbiting a hydrogen atom or a black hole.
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Chapter 1

Introduction

Many physics hobbyists wonder whether gravitational waves affect the time calculated by
atomic clocks. Gravitational waves are produced by accelerating masses. These masses produce
gravitational waves travelling at a finite speed-the speed of light. As they travel, gravitational
waves carry energy as shown by Sir Hermann Bondi’s “sticky-bead argument.” This energy
may be absorbed by the atom and disturb its atomic energy levels. The theory behind the
atomic clock relies on the fact that electromagnetic laser radiation evolves the configuration
of energy levels in a precise way according to a quantum equation of motion known as the
Schrodinger equation. Unfortunately, the Schrodinger equation accepts only classical potentials
and not relativistic metrics. I will be exploring Newtonian mechanics, Schrédinger mechanics,
Einstienian relativity, and relativistic quantum mechanics. This could get confusing with the
word classical referring to anything that is not relativistic quantum mechanics, so I shall use "not
quantum" to refer to both Newtonian mechanics and Einstein’s relativity and "not relativistic"
to refer to Newtonian mechanics and Schrodinger mechanics.

This thesis, "A Novel Derivation of the Metric from the Newtonian Potential and of the
Relativistic Quantum Equation", will derive a relativistic formulation of particle quantum me-
chanics with potentials whose information travels at the speed of light. More specifically, the
goal is to create a framework to study the effect of gravitational waves on a relativistic, quantum
mechanical electron orbiting a classical, stationary proton. The theory can be applied in the
context of gravitational waves on atomic clock atoms. A quantum particle orbiting a classical

point particle is hard to visualize even for quantum mechanists. Instead let us consider a more



intuitive example.

There is a mass or charge moving along a straight line and above it is a particle with
either similar or opposite charge. The mass that is moving along the straight line emits force
information to the particle above. When the mass is closest to the particle, it emits a stronger
force on that mass. As it moves away, the signal gets weaker. These signals are represented
by forces, potentials, or metrics. These signal representations are the input into equations of
motion in classical (not quantum) mechanics.

The theory developed in the first part of this thesis provides a theory for the representation
of Newtonian classical potentials as metrics of Einstein’s classical general relativity. The force
is the negative derivative of the potential. Newtonian mechanics assumes that information can
travel infinitely fast but with Einstein’s theory of relativity Einstein adds to Newton’s mechanics
by stating the particle and force information can only travel at the speed of light.

Einstein’s classical general relativity theory provides the most accurate description of large
particles traveling at high speeds close to the speed of light. The theory provides solutions
for black holes and prior inexplicable deviations from the Newtonian gravitational motion of
planets about the sun. The Pound-Rebka gravitational blue-shift experiment proved that light
rays are affected by gravity[1]. The Reasenberg-Shapiro Viking Relativity Experiment collected
radio signal data from a spacecraft and demonstrated retardation by gravity[2]. Theoretical
calculations of the time deviations of clocks on spacecraft due to gravity and relativity accurately
reflected experimental measurements of rocket flight times in the Vessot-Levine experiment|[3].
Lunar laser ranging tests put stringent limits on the equivalence principle[4]. The Gravity
Probe-B experiment are testing theoretical predictions of the geodesic effect and the frame-
dragging effect[5]. Properties of black holes are commonly measured such as the spectrum
of the accretion discs[6,7,8]. Finally, experiment and theory show deviations from the fairly
accurate Newtonian gravitation theory[9,10]. All experiments so far have shown the accuracy
of Einstein’s theory of general relativity. I must make only slight modifications to general
relativity theory avoiding changes of experimentally proven results.

Mathematicians and physicists found Einstein’s metric interpretation of gravity very difficult
to find tangible solutions for because the field equations are nonlinear, and differential geometry

was just beginning its life. Schwarzchild gave the first solution by considering the weak-field



limit of a point mass and comparing geodesic solutions (straightest lines possible) of a general
metric to the force of gravity[11]. In the first part of this paper, I will reconsider the metric
generated by the gravitational field of a point mass (or any other potential) using the metric-
potential formulation. I will give a general formula for a metric in terms of any potential as
quantum mechanics is usually in terms of potentials, furthermore no calculus or computation
is required in getting a metric from a potential (once the general formula is derived). My
metric-potential formulation is a formidable mathematical tool to use on otherwise difficult
mass distributions, but what is a metric which evidently is related to both Newtonian forces of
weak fields and Newtonian potentials?

A metric of a curved surface represents coefficients of the dot product in that surface. The
metric description of a surface allows you to compute geometric quantities on a curved surface
in an efficient manner. From Einstein’s theory, I accept the following: motion is governed by
a metric and particles cannot travel faster than a null particle (a particle with 0 mass) in the
curved space-time described by this metric.

I deviate from Einstein’s theory in that I require multiple metrics for the description of
multiple particle motion. Considering only electrically-neutral, massive particles traveling on
top of a gravitational field, it is easy to conjecture that only one gravitational metric is needed
to describe the motion of particles by the equivalence principle (the statement of equivalence of
the inertial and gravitational mass). Both massive particles and null particles travel atop this
gravitational field. With much of the interactions on the macroscopic human level being solely
electromagnetic, the observer is fooled into thinking gravity bends space and time itself instead
of human bodies and electromagnetic light rays.

If I consider instead the metric of an electromagnetic force, this electromagnetic field can
bend the paths of electrically charged particles, but not the paths of neutral particles directly
through electrical interactions. With this observation, two metrics are needed, a flat space-time
metric for a neutral particle, and another metric taking into account the charged particle’s
geodesic motion (motion due to a metric).

Adding to this theory, I consider the same situation placed on top of a gravitational field
which bends all of the above (including the electrical field thus changing the electromagnetic

metric) except the flat background metric by my theory. The gravitational and electromagnetic



metric will be used to find the particle’s geodesic motion described in flat background coordi-
nates. Once I have the geodesic motion of the particle, I could use the metric for measurements
of the charged particle’s motion. I shall develop the novel theory of potential-metrics to deal
with multiple particles in both gravitational and electromagnetic fields.

I extend Einstein’s idea that gravitational motion is described by a symmetric metric caused
by "curved space" to electromagnetic fields. I develop a novel approach to the construction of
metrics given a Newtonian potential measured by a test particle around zero velocity (velocities
much less than the speed of light) with respect to the flat background. This theory requires
that flat-background reference-frames exist.

In part I of my thesis, I derive a relativistic theory in which all potentials acting on particles
are represented by a metric. I include electromagnetic potentials in my metric as gravity is
represented by a metric in Einstein’s general relativity. My field theory will then be applied
to my novel relativistic quantum theory. My metric will be applied to the relativistic quantum
equation as the classical potential energy is applied to the Schrodinger equation, the central
equation of Newtonian quantum mechanics.

All of quantum mechanics is stated in terms of potentials. Keeping in touch with quantum
mechanics, I shall derive quantum relativity in terms of potential-metrics. I have given an
explicit unification of only two of the forces which have the most effect on atomic clocks: the
gravitational and the electromagnetic.

In part IT of my thesis adds to the theory of Einstein’s general relativity and uses the metric
as input into the quantum relativistic equation that I derive. The theory utilizes the familiar
statistical interpretation of quantum mechanics with the wave function which contains all the
information about the particle. The second part of the thesis uses knowledge of quantum
mechanics as described in the textbook of Quantum Mechanics by David J. Griffiths whereas
the first part uses Newton’s and Einstein’s theories.

I will compare my derivation of my quantum relativistic equation to the standard equa-
tion of spin-less quantum relativistic particles called the Klein-Gordon equation[12,13]. The
Klein-Gordon equation is the relativistic version of the Schrodinger equation which could be
interpreted as the equation used to find the probability amplitude of a spin 0 particle. I will

derive an equation similar to the Klein-Gordon equation based on Einstein’s proper-time ex-



tremization. This derivation allows accurate descriptions of the operators by comparison with
the Hamilton-Jacobi equation operators. I further show that rest mass itself is quantized and
it has a conjugate relationship with the proper-time of the particle. I derive the operators of
4-velocity and their uncertainty relations with position as well.

Many derivations of the Schrodinger equation exist in the literature[14,15,16,17]. Most
derivations start with the postulate that a particle is a wave by the deBroglie hypothesis. The
Klein-Gordon equation was derived from the relativistic energy relation E?=m?+p?. Given
the mass m, the momentum p and the energy E could then be replaced by their classical
Schrodinger operator analogues. This derivation uses the operators for classical momentum as
the new operators for relativistic momentum.

Instead, I derive a novel relativistic equation using the classical relativistic action. I omit
my derivation of the classical Schrédinger equation and operators which the reader can derive
in exactly the same way as my relativistic equation from the classical Lagrangian.

Both parts of my thesis are building up toward the description of gravitational waves on

the quantum system of an atom in an atomic clock.



Part 1

Classical Mechanics



Chapter 2

Metric-Potential Formulation

A metric is a mathematical description of a curved space. The metric is used to find dot
products in that space. The key to my derivation of the metric in terms of potential energy is the
accuracy of Newtonian theory at velocities much less than the speed of light. No experiment on
any scale, macroscopic or microscopic, has deviated from Newton’s inverse-square law of gravity
for velocities much less than the speed of light[18,19,20,21]. I postulate that Newton’s theory
is correct for all particles near zero velocity in a Cartesian Lorentzian observer’s frame and use
this as a starting point for my derivation of the metric in terms of potentials. (Note throughout
this paper ¢ is in units of meters with reciprocal conversion factor ¢, the speed of light). The
metric is expressed in the (1, —1, —1, —1) convention[22]. I require that the proper-time produce

the same variation as the classical action near zero speed (%):

/ dr = / dr dt (Einstein)
small v small v dt

d
— / (kL + %cb (t,z,...2, )> dt (Newton with gauge).

Here L = T — V, L is the Newtonian Lagrangian per test mass, T is the kinetic energy per
2 . . . . .
test mass (%‘fl—f ), V' is the potential energy per test mass, k is a constant and ® is a twice
differentiable function known as a pure differential in variational calculus. It will have no effect
on the motion at low speeds. This test mass I mention is the mass used to find the potential

at a specified point; it cancels with the mass appearing in the Lagrangian of a gravitational

potential by the equivalence principle.



The correctness of Newton’s equations for velocities much less than the speed of light leads
me to expand Einstein’s metric formulation in a Taylor series about velocity 0 and equate it
to the Lagrangian formulation. I will expand ‘fl—; to order v? where v = %. I first write the
function out explicitly (Notice space but not time is included in the Latin letters, e.g. a and b;
luse this convention throughout. Greek letters will range over space-time. 7,3 represents the

flat metric.):

2

dr
a (gtt +2 Za: Ga®'® + Zb: 9ab$la$/b>
a

I take the zeroth, first and second derivatives, respectively, with respect to Cartesian Lorentzian

. _ d .
background velocity (=’ = $7):

dr 1
E’x’zo = Gt
dr 1
adt ’ , _ -3
ox'c'® =0 — Gy Gics
92 dr _3 _1
%ﬁ| , — 2 + 3
Ox'dgyc =0 Gt ~ GtdGte T Gyt~ Ged-

Now, I set the Einstein formulation and the Newtonian formulation equal and compare results:

11 1 _3 _1 ‘ _
9it T 9u” Z Gra'" + B Z <_gtt * Gtagth + gy 29ab) 22" + o (=) (Einstein near 0)
a ab

1 dd
- k <2x'2 + A2 — V) + — (Newton with gauge)

L o
<kV - at> + za: (kAa + o

1
) '+ 5]4: ; 22 (Newton).

Here I expressed the action in a general form (%ac’2 + Ad — V). A is the vector of coefficients
of the Newtonian velocities similar to the magnetic potential per test mass and V being the
potential energy per test mass. Setting velocity polynomial coefficients equal and solving for

the metric, I obtain the relations summarized below.



Summary 1 General Metric-Potential Formulation

0\ 2
gt = (kv+8t) )

0P 0P
Jta = <—kV + 875) (k}Aa + 813“) y

2
o = b(0 281 (b 22

ot ox?
0P 0P
Gab = <kAa + 8{1}“) <kAb + 8.%'b> .

I have thus derived the metric g,4 from the Lagrangian in the form k (%x’ 24 Aa — V) —i—%.
Notice that ® shall have no effect on the motion near velocities much less than the speed of
light. @ is called the gauging function.

I can obtain a standard form if I assume the metric is flat at infinity and the potential (both

V and A) is zero at infinity. With %—? = 1, and using the gauge gﬁl = 0 I get the desired flatness
at infinity. The other constant k = k, is a fundamental constant which must agree with the
numerical results in the Pound-Rebka gravitational blueshift experiment [1]. It is possible that
in the case of electromagnetism the constant k = k. is different from the gravitational blueshift
constant, k = k4. The constant, k = kg, is a very small number, I will set it to —1 for the sake
of discussion and analysis of the theory. In the nonphysical case of k = —1, I shall call k the
unit blueshift constant. The unit blueshift constant shall be used throughout the rest of this

paper. In summary,

Summary 2 Flat Infinity Metric Formulation
Given the Newtonian Lagrangian of the form L = %x’z + A’ — 'V, given the nonphysical

unit blueshift constant k = —1, and assuming that the particle is free at infinity; the metric



18:

g = (V+1)2,

gta = —A(V+1),
Jaa = —(V+1)+(4a),
Gab = AgAp,

Ve oo = 0.

Notice that the potential is potential energy per test mass.

I write out the metric explicitly, remembering dr? = dwo‘ga/gdxﬁ and L = %SU/ 24 Ad -V

(V 41) —A, (V+1) A, (V+1) —A, (V+1)
—A, (V+1) —(V+1)+ (4,) A A, ALA,
Gap =
—A, (V+1) AL A, —(V+1)+(4,)? A A,
—AL(V+1) AL A, A A, —(V+1)+ (4.)°]

10



Chapter 3

Normalized Coordinates

The above formulation gave the metric g,g in terms of the Cartesian coordinates of flat
space background. In this section, I derive a formula for the transformation of one curvilinear
coordinate system to another curvilinear coordinate system; this standard result has been
obtained or presented in many texts[23]. This formula will then be used to find the "straight
line paths" of particles through space as envisioned by Einstein and described in any modern
general relativity textbook([23,24,25,26]. The formulation will prove fruitful, providing a method
of obtaining any metric which combines two different types of forces. Specifically, I shall be

concerned with the combination of gravity and electromagnetism.

3.1 Coordinate Transformation Formula

For any metric g,3 on coordinates %, my aim is to be able to transform the metric to
another set of coordinates, £7. In other words, my aim is to be able to relabel the space. Let

me start with the formula of proper-time:

T:/\/.’L'a,gagxﬂ’d’i'.

My coordinate transformation must preserve the proper-time of the particle since it is the
particle’s own time. The path taken through space shall also remain the same regardless of the

labelling of the coordinates. Both conditions are satisfied if I perform a calculus transformation

11



of variables. Letting h,s be the new metric and comparing the two formulas:

,8 « 8 ﬁ / ! !
= (65 Y (G = [ s

I see that,
ho o dat 07
¥ — agfygoz,é’ 8567

where £V = %.

I will now demonstrate a few examples. The first example will get us a general result -
the metric potential formulation in spherical coordinates. The second example will get us the
metric potential formulation in cylindrical coordinates. In the third example, I will give the
derivation of a relativistically corrected current carrying charged wire.

Example: Transform the potential metric formulation from the Cartesian coordinates =% =
(t,z,y,z) into the spherical coordinates {7 = (t,7,0,¢) for a spherically symmetric metric
independent of the vector potential. Here 6 is the azimuthal angle, ¢ is the polar angle, and r
is the radius.

First, I need to find % as a function of the new coordinates, £7. The coordinate transfor-

mation from rectangular to spherical can be found on the Mathematica website[27], for example.

« [e% T
I shall multiply both sides of the metric in rectangular coordinates by g% and (%) .

dt 1 0 0 0 dt
dx |0 cos ¢sinfd —rsingsinf rcosgcosf| |dr
dy B 0 singsinf rcos¢gsind rcosfsing| |do
| dz | 10 cos 6 0 —rsin | |df]
(V4 1)? 0 0 0o |
0 -(V+1) 0 0
hys =
0 0 —rZsin?20 (V 4+ 1) 0
0 0 0 —r?(V +1)]

Here V is now described in spherical coordinates, V' (r, ¢, 6). From here, I arrive at the following:
Summary 3 Spherical Metric

12



The metric of a spherically symmetric time-independent potential V (r,¢,0) described by

spherical coordinates £ = (t,r,¢,0) is,

gt = (V+ 1)27
9rr = — (V + 1) )
_ 2 .2
9ep = —r-sin“0(V +1),
goo = -1 (V+1).

Example: Derive the coordinate transformation from rectangular z® = (¢, z,y, z) to cylin-
drical coordinates &7 = (¢,r,0, 2).

I first write the usual coordinate transformation:

il [1o0 0 o [at]
dz |0 cos 0 —rsinf 0f |dr
dy| |0 sin@ rcosd 0| |do

| dz | 0 0 0 1] |d=]

Now, using the metric in rectangular coordinates with A = 0 and multiplying on both sides

by the above transformation, I arrive at the following general result:

Summary 4 Cylindrical Metric
The metric of a cylindrical time-independent potential, V (r,0,z) described by cylindrical

coordinates 7 = (t,r,0, z) is,

gt = (V+ 1)2 )
gr = —(V+1),
goo = —r*(V+1),
9. = —(V+1).
Example: Use the cylindrical coordinates x® = (t,r,6,z) above and the Lorentz boost

transformation formula to derive the magnetic field around a charged wire travelling at speed

v. The wire is along the z axis and travelling in the 4z direction.

13



The Lorentz transformation in the +z direction for cylindrical coordinates is:

v 0 0 vy
Oz 0 1.0 O
Tfﬁ 0 01 O
vy 0 0 »#

1
V1—v2’

which the potential was initially described. Then I arrive at:

Here v = and v is the velocity of the observer with respect to the flat background in

(2 (V+1) (02 +V +1) 0 0 Ve (V+1)
0 —(V+1) 0 0
has =
0 0 2 (V4 1) 0
Vuy? (V +1) 0 0 YAV +1) (Vo2 =1+ 112)_

Consider the metric of a uniformly electrically charged wire. The electric field of the wire

is £ = 47350 %, where A is the charge density of wire, r is the distance from the wire and gq is

the permittivity of free space[28]. The potential (potential energy per test mass) is therefore

V = _47350 2\ (%) Inr. Here % is the particle’s ratio of rest charge ¢ per rest mass m, the

equivalence ratio of the electromagnetic theory.

Then,

1 1
gt = 72 - 2\ <i>lnr+1 —v° - 2 <i>lnr+1 7
4meg m 4meg m

1 1
gtz = — 2\ <g>lnr*v72 ——2) (i) Inr+1].
4meq m 4dmeg m

Now, this metric is also described by background inertial frame coordinates since it is at
constant velocity from the first background inertial frame coordinates. I set equal the general
metric-potential g¢, and the g;, above to find the coefficient A,. I use the rectangular metric

g and gy, since it is the same as the cylindrical metric in the ¢ and z directions.

14



Inverting the function gy(V') I get:

V=ygu—1.

Now comparing with the rectangular metric, —A, (V + 1) = g, therefore:

_Az (\/ﬁ) = Gtz-

Solving for the A, of the charged travelling wire:

L9\ (%)’U’}/Q( L2X (L) 1nr+1) Inr

4 B Gtz " 4rmeg " 4meg
R —
Vit 1 1
’}/2 (—mQ)\ (%) 1n7“ + 1) <—'U2 — dmeo 2)\ (%) lnr + 1)
A q
A Llnr—1
= 3 g (In7) | vy 2”‘50;”
TEQ M
0 (U2 + e s Inr — 1)

(Note that the magnetic field is B = V x (%A) and not B = V x A. Remember that I
have defined L = %‘2—’;2 + A.Cfi—’t‘ — V, whereas the usual definition is L = %m%’t‘Q —qV + qA.C[li—’t‘.)
Notice that for v = 0, T get A, = 0 as expected. For A\ = 0, I get A, = 0 as expected.
This is a relativistic correction to the current through a charged current-carrying wire. The
magnetization is a result of the change of reference frame.

If I add a stationary wire of equal but opposite charge as the first charged wire, I get the

metric for a neutral wire with a current travelling through it.

3.2 Normalized Coordinates

The coordinate transformation derived from above can be used to transform between curvi-
linear coordinates or reference coordinates labeling the space. In this section, I shall find a very
special set of coordinates associated with a given metric g,g. This set of coordinates shall
simplify the calculations of the paths of particles. In fact, all null particle paths in this metric

are straight lines. The normalized coordinates are given by the following formula:

Summary 5 The Normalized Coordinates Formula

15



ox“ oxP
BET 9ap 855 — 7776'

The 1,4 is the flat metric associated with the 2P Cartesian, spherical, or other coordinates
systems but replaced one for one by the £7. In some sense, I have "flattened" the space. I shall
call these coordinates, {7, the normalized coordinates of the metric g,g.

Example: Find the normalized coordinates of the spherically symmetric time-independent

metric using spherical coordinates (t,7, ¢, 0).

Setting 2 a@ gaﬁ 055 = 1,5 1 have:

(v+1)2(;t0> = 1,
V1) <§;)2 - -1,
2520 (V + 1) (;)?2)2 = — (&Y sin? (%)
2 (V +1) <§;>2 = — (&)’

Solving this system of four differential equations, I arrive at:

Summary 6 Spherical Normalized Coordinates

The normalized coordinates of the spherically symmetric time-independent metric are:

& = (V+1)t,

¢ - [ VD

o _ r (sin @) o/ (V + 1) |
(7 V7 i) s (22 )

rém
VT Dar

Example: Find the normalized coordinates of the metric of a point mass outside its black

53

hole radius. Notice that the normalized coordinates do not span the entire space. Metric
singularities, especially black hole surfaces, make it necessary to calculate different metrics for

different parts of the space.

16



The potential of the point mass due to gravity is V = —GTM. Using the integral:

Y P e Y ) )

I can find the normalized coordinates of a point mass.

Summary 7 Normalized Coordinates of a Point Mass, M

50 = <1 - GM> tv
T

T r 1 r T T
¢ = GM(\/GM(GM_U_21n<2GM_1+2\/GM<GM_1>)>’
0

e r(sin®) ¢ (1—675\/[)
M (V(an — D - 3o (2w - 1+2y/d (G - 1))
. roy/(1— 1)
* S1n
<GM( (o~ D3 n(2hr— 142y g (i 1))))
5 r0 (1 — Gﬁ”)

M (VG — D - 3 (2 —1+2y/d (G - 1))

Notice that the black hole surface has shrunk to a point, the origin. As long as a particle
produces a point singularity in the metric, this transformation makes sense mathematically.
I will find some particle path solutions to the point mass metric using the normalized

coordinates. The path of a particle falling straight towards the point mass is given by:

T:ATMW4w%-

€% = a4+ b for a,b constants.

Finding the €% from above:
50 = (1 - W) t:
r

&= aMm <\/GZ\4(GZ\4—1)—;m <2GZ\4—1+2\/GZ\4 <G§\4_1>>>

17



The general solution along this direction is:

aGM(W—%ln(ngw—Hz GLM(GL—1)>)+I>

(1— 1)

T

t=

18



Chapter 4

Metric Operations

Now that I have a metric in terms of a general potential, a change of variables formula and

a normalized coordinate formula. Let me give the operations that can be performed on metrics.

Summary 8 Metric Operations

(1) A change of coordinates is permitted by the usual change of coordinates,

h, - oz 02
Y0 €7 Yop 8{5 :
The metric-potential form will be conserved for Lorentz invariant transformations from back-
ground reference frames.
(2) Metric binary addition between force fields of the same type (gravity, electromagnetic) is
defined so that the net potential of the two metrics is the sum of the two individual Newtonian

potentials,

9ap(Vi, A1) @ hag(V2, A2) = (9 ® h) 55 (Vi + Va, A1 + Ag) .

(8) Metric binary addition between force fields of different types is defined by the following:

Let the force(s) associated with hog metric be the force whose null particle paths are

bent by the force(s) associated with gos (e.g. photons are bent by gravitons). Let & be the

normalized coordinates of metric gos and let x* be the natural coordinates used to describe gog
above a flat reference,

o€° ey
(08 D)oy = oo sy (€0 (7)) 25

19



Rule (1) is common in the literature. Rule (2) is from the addition of Newtonian potentials.
Rule (3) is from the fact that paths of null particles are bent just as particles are bent by the
underlying metric.

I will now demonstrate some examples to find the normalized coordinates of a massive
particle.

Example: Use (3) to find the metric of a charged massive particle.

I have already found the metric and normalized coordinates of a spherically symmetric
potential with a potential proportional to % (Note: The correctness of the electric field metric
potential formulation lies in the fact that all particles of the same L ratio fall with the same

acceleration.):

Vo= 47r1€0q7§2’

m = (5 (5 a+)

m o= (i (B a ),

o= € a0 (5 () )
m o= =@ (5 (D a1),

Now placing this metric atop the gravitational metric of a point particle, I obtain the metric

of a charged point mass using metric operation (3) above:

o¢° 0"
Gop @ hag = Ti@h(” (§5 (x“)) a—iﬂ.
[de® ] [ (1 o GvM) ]
dcétl \/ (1 B %)
dr — r\/%(lfcos2¢)(lf%)
il —— 1 . L e
df (GM<\/ e Y32 1“@@*“\/@(@*)))) sin(¢%)
s /0=
] ] L GM( GG\/I(GS\J_I)_%IH 207}»1_1"‘2\/&(&_1)))
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hoo (56 (xa))

I AT 1 !
47T€0(m>GM( 07}\/1(@9\/1_1)_%1“<2G§\4_1+2 GZM(GZ\/[_l)))—’_
h11<§6($a))
. T 1
47T€0(m>GM( S (i )—%111(2 — 142/ (& — 1))>+1
h22<§6($a))
2
= ;(GM<\/GM(GM_1)_11 <GM 1+2\/6*M(GM_1))>> '
* | cos | 2 T¢\/@ “h
GM( GLM(GLM_l)_%In(QGLM_1+2 GLM(GLM_U»
* @ < : !
e o) Gt (= oo~ o2 1))
h33 (56 (fUaB))
2
< <\/GM (Gt 1)_;111(26?1\4_1”\/(?1\4(GM_1>>>> )
1
1
== @3 63 (VD 0 (et~ 142\ e (1))

Finally, multiplying the three matrices g%hg,y (55 (xo‘))

ae

0xP>

I have the metric of a point

charge and mass, which is a nice model for a proton. After multiplying by the coordinate

transformation expressed in the % on both sides, the final metric formula becomes very complex

and will not aid in intuition, so I omit it.
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Part 11

Quantum Mechanics
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Chapter 5

Relativistic Equation

I shall derive my relativistic quantum equation from the proper-time action of Einstein. In
this section, I again use the conventions, ¢ =1 and gog = (+, —, —, —).

The formula for proper-time is:

b
7':/ \/ Gapz® B dN.
a

Here 7 is the proper-time, g4 is the metric, and the z* = % are the derivatives of the space-

time coordinates (z,y, z,t) with respect to proper-time. I need to find the Hamilton form of
this action before I can cast this into the Hamilton-Jacobi form, but the square root in this
equation is not very easy to manipulate into the Hamilton form. I shall cast this action into an

alternative form presented in [23]. The action to be maximized is:

1
L:/2g/37m6':r7’d7.

Here g, is the metric assumed to be proper-time independent, the z® = dj"—: are the derivatives

of the space-time coordinates with respect to proper-time, and L is no longer the proper-time,
7. After finding the Hamilton-Jacobi form of this action, I then multiply by the probability

\\II\Q and integrate over all points of background Cartesian Lorentzian flat space-time including
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time t, i.e. (x,y, 2,t) to force adherence to these equations of motion. The equation is then:

1 10 [0z 9z ov
EV = —§K2 (=nm)~>2 920 (gﬁgﬂﬁ\/—7n> -

Here VU (t,z,y, z) is the stationary (in proper-time) wave function corresponding to eigenvalue
a(x®)

E, K is related to a fundamental constant A, /—n = a( B)
X

hl

is the determinant transformation

B

from the flat background metric, ¢S is the previous flat background metric inverse, labeled

with Cartesian Lorentzian background coordinates, 9 are the coordinates of the flat Cartesian

background, z7 are the coordinates of the background metric you wish to use and E = —% w2

where p is the quantized rest mass ratio, i.e. the mass of the particle is given by pm, with m,

the rest mass (p will be 0 for a massless particle such as a photon or graviton and nonzero for

9z 9z% aB _ 6
=49

027 5,7 where ¢7° is the metric of the z7.
A x5

a massive particle). Notice that
By the relation S = K'In ¥, I am able to derive the proper-time dependent quantum equa-

tion:

9 1, 1 0 (020 L5017 ov

Here ¥ (x‘S, T) is now the proper-time dependent wave function, H is the Hamiltonian operator
represented on the right, 7 is the proper-time of the particle. This derivation of the proper-time
dependent equation is explained further in the next section in which I derive the operators. This
form of the proper-time dependent equation shows the Lorentz invariance of the equation. A
Lorentz boost is absorbed by the change of coordinates formula sandwiched in the middle.

If T further use the fact that % 95 A g%; is a transformation of a metric into the metric g7,

I obtain the following;:

Summary 9 General Quantum Equation
9 -3 0 v
—Kg U =—3K2 (=) 55 (9"V=n5r)
x?‘(mﬁ) are the rectangular coordinates of flat space,

. . . . o(xf
z0 are the coordinates with Jacobian from flat Cartesian background \/—n = 8((;))

g8 is the inverse of the metric with Jacobian \/—n from the background rectangular metric.
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For flat Cartesian background coordinates, I have:
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Chapter 6

Operators

The above equation provides ¥ (z%,7) which I normalize across space-time according to

////\W\thwd:pwdywdzwzl.

Here again the symbol 7 represents the flat Cartesian Lorentzian coordinate reference frame.

the requirement:

By the relation, S = K In ¥, I will find relations for velocities(in proper-time). The classical

Hamilton-Jacobi theory tells me how to find momenta from S (.S is the solution of the differential

equations):

as

> _H
dr ’

oS

6%7 = p"E‘\ )
xél = gﬁapom
Pa = Th,.

In the statistical interpretation, derivatives of S which where exact momenta quantities in

the Hamilton-Jacobi theory now become conditional expectation values:

o5 L O
ore K oze’

E (pjoc‘lq) =

Here FE (pwa|ac1) is the conditional expectation value of p1, = gagwﬁ’ given the point zJ. Mul-
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tiplying this by the probability density |‘IJ (x;y) 2, I now obtain the expectation value:

ov
E(pﬂa) = /K\If_laxa |\If|2dt1d1ﬁdy1dz-|,

v
= /\I/*K 8 dtﬂdﬂi‘ﬂdyﬂdzﬂ.

o0x%

Clearly, poo = K %, and K is imaginary for Hermicity of the observable p,. I set K = —i%,
with m the rest mass of the particle. To find the operator for the proper-time velocity, I take

half the anticommutator of the two Hermitian operators g< # and %k

— 1 o
P = ér{gfﬁ,pﬂg}
1 DU
= 5 (g?fﬁpﬂﬁ —‘,—p—lﬁggﬂ> .

Here g, is the Cartesian metric and ];%\‘ is the proper-time velocity (?—f) operator. With the

value K = —i%, I get the general background coordinate equation:
hoo 1/h\?> 18 [, oW
) — —— = — _ — 2 ’Y, ) —7) ——
“mor 2 <m> (=m) dz0 <g 7781:7> '

Summarizing the flat Cartesian background result,

Summary 10 Cartesian Quantum Equation with Operators
In Cartesian Lorentzian background coordinates, the operator form of the relativistic equa-
tion 18:
k0

1
U =50 = — gl
ot S 2 5P g P

The associated operators are:

~ __ +h O ;.- 2 1 / B
Dr =1y, 57 S interpreted as —% or —5332‘ 9apTn -
Do = 72%&% is interpreted as gﬂaﬁxél.

xS = x9 is interpreted as the background coordinate x9.

T 18 the evolution parameter called the proper-time.
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Chapter 7

Uncertainty Relations

I shall derive the uncertainty relations between the momentum operators and space op-

erators. The generalized uncertainty principle derived from the Cauchy-Schwartz inequality

b= (1((33]))

Remembering that p, is interpreted as gﬂaga:é/, and with {@,pﬂ\a} = z% then:

is:
2

OprOpy > —.
nep 2m
In flat space, this reduces to the usual uncertainties between position and momentum, or time
and energy.
Another uncertainty relation is o;0 ,2 > % This uncertainty relation is not truly an
-5
uncertainty relation since 7 is an exact evolution parameter. This makes sense in analogy with

the energy-time uncertainty relation from Schrodinger theory. The self energy and the self time

have a conjugate relationship, though they are not directly conjugate.
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Chapter 8

Flat Space

In this section, I shall find and describe solutions to the flat space metric gog = 77,4 in

Cartesian background coordinates. The relativistic equation requires the inverse of the flat

metric: _ }
1 0 0 0
- 5 _ 0 -1 0 0
0o 0 -1 0

_0 0 0 —1_

Plugging this inverse metric into the flat metric relativistic equation I obtain the partial differ-

h o 1 h 0 h 0
.o _ (o apg [ N O
<Zm37>q] 2 ( Zm6m5> <g ( Zm(?xO‘))‘lj

ential equation:
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Here £ is Planck’s constant and m is the rest mass of the particle. A solution of this equation

can be obtained by separation of variables:

o —

1 h . 0 2
_— OZB = —_—— = ——
P
~ h. 0
bt = _Ez% =B,
. h .o
Pa = _E’l axa = La,
tt t
~ , h. o0 0
5o {pg"y _ h, _p 0
2 m 0z° or
~ {pa,9**}y h .0 oz®
“ = Q0= =—P, =P~ .
P 2 m' 9z ¢ or
Here the relation ~ means "interpreted as". The eigenvalue equation becomes, (—“72 =—3(P? - Pg)) Up, u-

In flat space, this can be rearranged into a statement of the fact that E2 = m? + p?. E is the
energy, m is the rest mass and p is the momentum.

An eigenfunction is thus,

jm oy M2 PR (—Para—&-P/t—i-ﬁT)
Upp (g2 i) = o F (P 7)1 "

with P2 = u? + P2.

Example: Discuss the solution for a particle of known mass at rest.

For p =1 and P, = 1, then P, = 0. The particle is at zero speed at a known mass, and the
solution becomes:

;m 1
Uy=1,P=1,P,=0 (T, Y, 2,1, 7) = €7 (t+37).

The particle has equal probability of being anywhere in space because its momentum is exactly
0 and anywhere in time because its energy is exactly the rest energy. Instead of starting to
spread out, it is spread out over all space-time and I know nothing of its space-time point.

The expectation of the proper-Lagrangian is found to be:
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The expectation of the energy of the particle is:

(Energy) = <m]3t> — <m (Zz;» — m.

dx”®

Since the energy is known exactly, I could easily find m 77 :

dz\ /5 1\
ar ) N\ pt )~

Example: Discuss the solution for a quantum particle travelling upwards (+z) at velocity %
with energy P! = %

I can write the rest mass ratio immediately:

— 2 —
no= P _Pz2 =
im(_3,15;11
WPZ:%?Pt:%’le ($7y72,t;7) = elh( 4Z+4t+2T)'
2
T I

This particle yet again has no well defined space-time position. The particle is uniformly

distributed over all space-time. The momentum is:

dr\ /SN[ (B 0YA\ 8
mdt —\"P pt/ mn mlﬁx 5) —5m.
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Chapter 9

Harmonic Oscillator

As another example, I solve the harmonic oscillator in one dimension. The potential energy
of the harmonic oscillator is:
2,2

V== .
thwx

Here my is the test mass, w is the classical frequency, z is the space coordinate, and V () is
the potential energy function.

Putting this into the metric-potential formulation I obtain,

(%w%z + 1)2 0

g =
o 0 — (%w2x2 + 1)

where the metric g3 = gap is the harmonic oscillator metric described in Cartesian background
reference-frame coordinates.

The inverse of this metric is:

gaﬁ _ (%w2x2 + 1)_2 0
0 — (3w%2? + 1)_1

Plugging this into the flat background metric relativistic quantum equation, I obtain:
2 1(/1 -2 (1 N
—%X =3 (2w2m2 + 1) Pf — Dz <2w2m2 + 1> Pz | X.
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Here I have made the substitutions p; V¥, p, = —“72\11, and p;V, p, = P,V. Energy is going to

be quantized in the harmonic oscillator. The solution is then of the form:

2
’L% (Ptt+u7‘l')

U (z,t;7) :AZX(x)e

Py

The energy g—f_ with respect to the background coordinates is given by:

];5: 5 = iwaz—f—l

B Qe+ )"} N2
( ) Pi-

The velocity (%) operator is given by:

~ 1,22 -1
];\m _ {ﬁ;c’g:mc} _ {px,— (§w Xz +1) }
2 2 '
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Chapter 10

Hydrogen Atom and Black Hole

According to the metric-potential formulation, I can write the inverse metric times Jacobian

product ¢®3\/=n of a spherical potential in spherical coordinates (t,r, 0, ¢) with Jacobian from

Cartesian Lorentzian coordinates \/—m, and general relativistic equation as:

V-1 = r%sinb,
om0 0 0 ]
gB/—n = 0 _ﬁfs-lknl()g 0 0
0 0 — (im0 (U +1)"" 0
L 0 0 0 _(SUirﬁ)_
eV = =3 (V) (o)

Separation of variables leads me to the usual angular solution:

Here P/™ are the associated Legendre polynomials, [ is the azimuthal quantum number, m is

o
r

where my; is the

the magnetic quantum number, and the factor ¢ = (—1)" for m > 0 and e = 1 for m < 0.

The radial equation for the potential U = —% (potential energy is
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test mass of the particle) reduces to:

0 l(l+1) « a 0 meP\* T Mmgp\2 r —
<8r2_ r2 7’2(7"—a)+7’(7’—04)3r < h ) T—a+< i ) r u(r).

Here R = usﬂr) as in the classical treatment of the hydrogen atom, « is the fine structure constant

off by a constant factor, m, is the rest mass of the particle, and r is the radial distance in flat
spherical background coordinates.

Notice that the hydrogen radial equation is now %3 dependent with a shift by the fine
structure constant(or black hole radius in the case of gravity) in units of mass, m;. The radial
equation now depends on the radial velocity as seen in the third term. The surface of the
black hole is at distance » = « and this causes us to consider three limits in the solution of a
hydrogen atom: r = 0,7 = o, and r — oco. In the case of radiation from a black hole set =0
for massless particles.

An eigenfunction to the relativistic equation of a spin 0 hydrogen atom is:

1 m imq‘ﬁ—r
\Ilptvlvmvﬂf (t7 r? 0? ¢) T) - ;U)fl e 2h

The operators should be derived from the flat Cartesian operators in the obvious manner.
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Chapter 11

Conclusion

I worked with the Einsteinian and Newtonian Lagrangians to get the relativistic metric in
terms of the Newtonian four potentials.

This thesis developed novel and very reusable theories of general relativity and relativistic
quantum mechanics. The theory of general relativity presented in this paper is derived directly
from Lagrange’s action which makes the physicist’s transition from the study of Newtonian
mechanics to general relativity more direct.

The metric is found to be an algebraic substitution function of the Newtonian vector poten-
tial. This metric is furthermore addible with other potential metrics which makes more complex
metrics immediately accessible.

Magnetism was found to be an electromagnetic as well as a gravitational effect caused by a
change of reference frame. I derived the metric and potential of a magnetic field of an electric
current carrying wire by boosting from an electrically charged wire. This electromagnetic metric
gives a different perspective of electromagnetism for relativistic particles.

The general relativity theory developed in this paper is one of the first theories to unify
both the electromagnetic and gravitational fields into a symmetric metric.

I started from Einstein’s Lagrangian to derive a Schrodinger wave function which evolves
according to proper-time and which is an eigenfunction of the self-energy (e.g. rest mass) of
the particle.

The symmetry of the metric is a very important property which enabled the derivation

of the relativistic quantum equation. The relativistic quantum equation can be used to find
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the space-time wave function of a quantum particle. This wave-function evolves according
to its proper-time in analogy with Schrodinger’s space wave-function of a quantum particle
that evolves according to an absolute time. The mathematical theory in this paper can be
used to solve general relativistic quantum problems using equivalent tools from the Schrodinger
equation. The established Schrodinger equation and its associated operator theory have their
analogues in my general relativistic theory. My theory now adds a rest mass operator which
gives predictions of a particle’s mass state which will prove useful in elementary particle physics.

These two separate theories come together to create a versatile theory of quantum relativity.
The metric from the general relativity theory is plugged into the quantum relativity equation.

Plugging the proton potential into the metric, I find the quantum radial equation of an
electron orbiting a stationary proton that has no gravitational field, but an electric field. Spin
is not considered in this thesis due to a lack of development time.

This thesis leaves room for further development, which I plan to do immediately. Inputting
a simple travelling gravitational wave potential and an electromagnetic proton potential into
my metric-potential formulation will produce an accurate model of a hydrogen atom affected
by a gravitational wave. I will study the effect of a gravitational wave on the hydrogen atom
using computer calculations. The calculated wavefunction can be used to study the effect of

gravitational waves on atomic clock accuracy. I will also add spin to both theories.
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