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Abstract. Reduced matrix elements, oscillator strengths, and transition rates are calculated for
2l12l2[LSJ ]–2l33l4[L′S′J ′] electric-dipole transitions in beryllium-like ions with nuclear charges
Z from 6 to 100. Many-body perturbation theory (MBPT), including the Breit interaction, is used
to evaluate retarded dipole matrix elements in length and velocity forms. The calculations start
with a 1s2 Dirac–Fock potential and include all possiblen = 2 andn = 3 configurations. We use
first-order perturbation theory to obtain intermediate coupling coefficients and second-order MBPT
to determine matrix elements. The transition energies used to evaluate transition probabilities are
also obtained from second-order MBPT. The importance of negative-energy contributions to the
transition amplitudes in maintaining gauge independence is discussed. Our results for 2s3p1,3P1–
2s2 1S0 transitions are compared with available theoretical and experimental data throughout the
isoelectronic sequence. Rates for 2l3l′ [J = 1]–2s2 1S0, 2l3l′ [J = 1]–2p2 1S2, 2l3l′ [J = 1]–
2s2p1P1, and 2l3l′ [J = 2]–2s2p1P1 transitions are given graphically for allZ.

1. Introduction

In this paper, second-order relativistic many-body perturbation theory (MBPT) is used to
calculate reduced matrix elements, oscillator strengths, and rates for electric-dipole transitions
betweenn = 3 andn = 2 states in beryllium-like ions with nuclear chargesZ = 6–100.
These calculations follow the pattern of relativistic MBPT calculations of 2–2 transitions in
beryllium-like ions given in [1]. Numerous theoretical and experimental studies of rates of 3–2
transitions along the beryllium isoelectronic sequence have been performed during the past
30 years. On the theoretical side,Z-expansion [2–4], model potential [5–8], configuration
interaction (CI) [9–13], multiconfiguration Hartee–Fock (MCHF) [14–17],R-matrix [18–20],
and multiconfiguration Dirac–Fock (MCDF) [21–23] methods have been used to calculate
transition matrix elements.

Compared with the alternatives listed above, calculations based on relativistic MBPT
stand out since they are gauge independent order-by-order, provided they start from a local
potential, include ‘derivative terms’ in the second- and higher-orders, and include contributions
from negative energies in sums over intermediate states. The present MBPT calculations start
from a non-local 1s2 Dirac–Fock potential and consequently give gauge-dependent transition
matrix elements in lowest order. However, the second-order correlation corrections compensate
almost exactly for the gauge dependence of the first-order matrix elements and lead to corrected
matrix elements that differ by less than 1% in length and velocity forms throughout the Be
isoelectronic sequence. It should be noted that this close agreement is obtained only after
contributions from negative-energy states (ε < −mc2) are included in the second-order matrix
elements. Other theoretical approaches that account for electron–electron correlation, such as
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theR-matrix method, the MCHF method, or the MCDF method, give transition matrix elements
that can (and do) differ substantially in length and velocity forms. In this regard, it should
mentioned that even complete relativistic configuration-interaction (CI) calculations, such as
those used in [24] to study 2–2 transitions in helium-like ions, lead to differences between
length- and velocity-form amplitudes unless negative-energy contributions are included.

Another important feature of MBPT calculations is that all transitions within a given
complex of states are treated simultaneously. In this calculation, the model space
of unperturbed 2l1 2l2 states consists of four odd-parity and six even-parity states; the
corresponding 2l3 3l4 space consists of 20 odd-parity and 16 even-parity states. First- and
second-order electric-dipole matrix elements are calculated between these unperturbed states
leading to 116 distinct uncoupled matrix elements. The uncoupled matrix elements differ
in length and velocity form. These uncoupled matrix elements are transformed to give the
corresponding 116 transition matrix elements between coupled ‘physical’ states using first-
order intermediate coupling coefficients. The resultinggauge-independentcoupled dipole
matrix elements are combined with second-order energies from [25] to determine oscillator
strengths and transition rates.

The present relativistic MBPT calculations are based on the Coulomb + Breitno-pair
Hamiltonian [26]. The static form of the Breit interaction is used here. It was shown that
second-order energies for 3–2 transitions evaluated using this Hamiltonian are in excellent
agreement with experiment throughout the Be isoelectronic sequence, and that the relative
accuracy of the MBPT calculations increases with increasingZ [25]. Since we consider
transitions in high-Z ions here, we include retardation fully in the electric-dipole operator.
In each successive order of MBPT, contributions to electric-dipole matrix elements decrease
in size by a factor of approximatelyZ. It follows that MBPT calculations are most suitable
for high-Z ions. In the present second-order calculation, one expects errors from omitted
third-order matrix elements to be larger than 1% forZ < 10.

For allowed transitions, the present calculations are found to be in excellent agreement with
values from previous accurate calculations and with recommended values from the National
Institute of Standards and Technology (NIST) [27] for all values ofZ. We find, however,
substantial differences between the present results and recommended values for forbidden
transitions in ions withZ < 10, owing to the fact that we truncate the MBPT expansion at
second order. We expect that accurate correlated CI, orR-matrix calculations for forbidden
transitions will be superior to the present calculations for ions withZ < 10. However, for ions
with Z > 10, we expect the present calculations for both allowed and forbidden transitions to
be accurate to better than 1%, and, consequently, to be more accurate than available alternative
calculations.

2. Method

In this section, we describe our application of MBPT to calculate transition amplitudes. Perhaps
the only unusual feature of the present MBPT calculation is the appearance of the ‘derivative’
term

δk(1)
dT (1)

dk

in the second-order matrix element. This term arises because the first-order transition amplitude
T (1)(k) depends on the wavenumberk = ω/c of the transition, andk changes order-by-order
in a MBPT calculation. Expressions for first-order matrix elements are identical to those used
in recent CI calculations [24] for He-like ions. These expressions are repeated in the appendix.
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Figure 1. HF diagrams. The dashed lines designate Coulomb + Breit interactions and the wavy
lines designate interactions with the dipole field. Diagrams HF1 and HF2 are direct and exchange
contributions and HF3 is a counter-term that cancels with the first two when a HF starting potential
U(r) = V N−2

HF is used.

Figure 2. Random-phase approximation diagrams. Diagrams RPA1 and RPA2 are direct and
exchange contributions. These diagrams account for the shielding of the dipole field by the core
electrons.

The formalism developed in [25,28] is used to obtain the perturbed wavefunctions needed in
the second-order MBPT calculations. In the following section, we outline the second-order
contributions to the transition matrix.

2.1. Second-order matrix elements

In this section, we discuss the various contributions to second-order transition matrix elements
in terms of Bruckner–Goldstone diagrams. These diagrams can be divided into three
subclasses: Hartree–Fock (HF) diagrams, random-phase approximation (RPA) diagrams, and
correlation (corr) diagrams.

The HF diagrams are shown in figure 1. In MBPT calculations for systems with two
valence electrons, a natural starting potential is aV N−2

HF HF potential. For any other starting
potentialU(r), an additional term of the form

1V =
∑
ij

[V N−2
HF − U ]ij a

†
i aj

appears in the interaction Hamiltonian. The HF diagrams give the second-order correction
arising from one interaction with1V and one interaction with the transition operator. The
panels labelled HF1 and HF2 in figure 1 give the contributions from the direct and exchange
parts of the HF potential and the panel HF3 gives the contribution from the starting potential
U(r). Of course if we start our calculation using a HF potential, the three diagrams cancel
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Figure 3. Correlation diagrams. Diagrams corr1 and corr2 are direct and exchange contributions.
These diagrams correct the matrix element to account for interaction between the valence electrons.

Figure 4. This diagram represents symbolically the second-order MBPT correction
from the derivative term.

identically. When including the Breit interaction, care must be taken to include the Breit
contributions toV N−2

HF . In the present calculation, we start our calculations using a Coulomb-
only 1s2 HF potential. It follows that the Coulomb contributions to the diagrams in figure 1
cancel. However, the Breit contributions from the first two diagrams give non-vanishing
contributions.

The RPA diagrams are illustrated in figure 2. These diagrams account in second-order
for the shielding of the external dipole field by the atomic core orbitals. Exact (as contrasted
to second-order) RPA matrix elements could be obtained by iterating the corresponding core
RPA diagrams to all orders in perturbation theory. The exact RPA is used, for example, in [29]
to study transitions in alkali-metal atoms.

In figure 3, the correlation diagrams are shown. These diagrams correct the first-order
matrix elements for correlation between the valence electrons. Finally, in figure 4, we represent
the contribution from the ‘derivative’ term diagrammatically.

Using the standard methods of MBPT laid out, for example, in [30], all of these second-
order diagrams can be expressed as sums over intermediate single-particle states. Explicit
formulae for the contributions from these diagrams, after an angular momentum reduction has
been carried out, are given in the appendix.

2.2. Uncoupled matrix elements

In table 1, we list values of the first- and second-order dipole matrix elementsZ
(1)
1 , Z(RPA)

1 ,
Z
(corr)
1 , and the matrix element of the derivative termP (derv)

1 , for J = 0 to J ′ = 1 transitions
in Be-like iron,Z = 26. (The subscripts ‘1’ on the above symbols designate electric-dipole
matrix elements.) Both length and velocity forms of the matrix elements are given. The
Coulomb HF contributionZ(HF)

1 vanishes in the present calculation since we use HF basis
functions. We use the symbolB in table 1 to denote the Breit contributions to the second-order
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Table 1. Uncoupled reduced matrix elements in length(L) and velocity(V ) forms for Fe22+.
Notation:np= np3/2, np∗ = np1/2 3d= 3d5/2, 3d∗ = 3d3/2.

Coulomb interaction

vw[J ] v′w′[J ′] Z
(1)
1 P

(derv)
1 Z

(RPA)
1 Z

(corr)
1

2s2s[0] 2s3p∗[1] (L) 0.094 712 0.094 468 0.000 078−0.000 513
(V ) 0.094 358 −0.000 014 0.000 418−0.003 803

2s2s[0] 2s3p[1] (L) −0.130 829 −0.130 256 −0.000 109 0.000 788
(V ) −0.130 330 0.000 473−0.000 589 0.005 347

2p∗2p∗[0] 2p∗3s[1] (L) 0.035 475 0.035 263 0.000 120 0.003 442
(V ) 0.035 815 −0.000 144 −0.000 215 0.000 989

2p∗2p∗[0] 2p∗3d∗[1] (L) 0.220 722 0.220 316−0.000 223 0.001 964
(V ) 0.220 597 −0.000 264 −0.000 094 −0.007 747

2p2p[0] 2p3s[1] (L) 0.037 336 0.037 182 0.000 117 0.004 899
(V ) 0.037 680 −0.000 027 −0.000 221 0.001 970

2p2p[0] 2p3d∗[1] (L) −0.070 823 −0.070 810 0.000 070−0.000 372
(V ) −0.070 783 −0.000 147 0.000 029 0.003 194

2p2p[0] 2p3d[1] (L) 0.212 097 0.211 483−0.000 210 0.002 904
(V ) 0.211 977 −0.000 709 −0.000 087 −0.007 878

2s2s[0] 2p3d[1] (L) 0.000 000 0.000 000 0.000 000−0.003 335
(V ) 0.000 000 0.000 000 0.000 000 0.000 824

2p∗2p∗[0] 2s3p∗[1] (L) 0.000 000 0.000 000 0.000 000−0.002 417
(V ) 0.000 000 0.000 000 0.000 000−0.001 745

Breit interaction with factor 103

vw[J ] v′w′[J ′] B
(HF)
1 B

(RPA)
1 B

(corr)
1 B

(2)
1

2s2s[0] 2s3p∗ [1] (L) −0.053 496 0.003 206 0.020 739−0.029 551
(V ) −0.054 252 −0.018 166 0.008 712−0.063 706

2s2s[0] 2s3p[1] (L) −0.035 893 −0.001 489 −0.021 881 −0.059 263
(V ) −0.002 582 0.015 172−0.008 793 0.003 796

2p∗2p∗[0] 2p∗3s[1] (L) 0.076 405 0.002 662 0.035 957 0.115 025
(V ) 0.026 105 0.022 590 0.022 874 0.071 569

2p∗2p∗[0] 2p∗3d∗[1] (L) 0.214 353 −0.001 696 0.019 028 0.231 685
(V ) 0.015 581 −0.017 973 −0.022 762 −0.025 154

2p2p[0] 2p3s[1] (L) 0.008 886 0.000 055 0.060 090 0.069 030
(V ) −0.012 661 0.010 643 0.037 731 0.035 714

2p2p[0] 2p3d∗[1] (L) −0.030 222 −0.000 373 −0.019 089 −0.049 684
(V ) −0.002 535 0.004 366 0.011 825 0.013 656

2p2p[0] 2p3d[1] (L) 0.093 410 −0.000 732 0.031 977 0.124 655
(V ) 0.006 030 −0.009 410 −0.035 537 −0.038 917

2s2s[0] 2p3d[1] (L) 0.000 000 0.000 000−0.031 536 −0.031 536
(V ) 0.000 000 0.000 000−0.002 369 −0.002 369

2p∗2p∗[0] 2s3p∗[1] (L) 0.000 000 0.000 000−0.027 722 −0.027 722
(V ) 0.000 000 0.000 000−0.018 586 −0.018 586

matrix elements, and we tabulate 1000 timesB(HF), B(RPA), B(corr), and the sumB(2). As can
be seen from the table, the first-order contributionsZ

(1)
1 are different in length and velocity

forms. One also observes that the total second-order Breit correctionsB
(2)
1 are smaller than the

RPA termsZ(RPA)
1 , and that these RPA corrections are smaller than the correlation corrections

Z
(corr)
1 . The ratios between these terms change with nuclear charge.
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Table 2. Coupled reduced matrix elementsQ calculated in length(L) and velocity(V ) forms for
Fe22+.

l1l2 LSJ l3l4 L
′S′J ′ L V j1j2 [J ] j3j4 [J ′]

2s2 1S0 2s3p1P1 0.096 683 0.096 679 2s2s[0] 2s3p∗[1]
2s2 1S0 2s3p3P1 0.121 971 0.121 965 2s2s[0] 2s3p[1]
2s2 1S0 2p3s3P1 0.021 220 0.021 219 2s2s[0] 2p∗3s[1]
2s2 1S0 2p3s1P1 0.028 059 0.028 058 2s2s[0] 2p3s[1]
2s2 1S0 2p3d3D1 0.013 741 0.013 729 2s2s[0] 2p∗3d∗[1]
2s2 1S0 2p3d3P1 0.002 652 0.002 649 2s2s[0] 2p3d∗[1]
2s2 1S0 2p3d1P1 0.025 554 0.025 522 2s2s[0] 2p3d[1]
2p2 3P0 2s3p1P1 0.005 073 0.005 076 2p∗2p∗[0] 2s3p∗[1]
2p2 3P0 2s3p3P1 0.005 175 0.005 173 2p∗2p∗[0] 2s3p[1]
2p2 3P0 2p3s3P1 0.049 130 0.049 129 2p∗2p∗[0] 2p∗3s[1]
2p2 3P0 2p3s1P1 0.009 862 0.009 859 2p∗2p∗[0] 2p3s[1]
2p2 3P0 2p3d3D1 0.217 524 0.217 536 2p∗2p∗[0] 2p∗3d∗[1]
2p2 3P0 2p3d3P1 0.008 938 0.008 940 2p∗2p∗[0] 2p3d∗[1]
2p2 3P0 2p3d1P1 0.030 138 0.030 138 2p∗2p∗[0] 2p3d[1]
2p2 1S0 2s3p1P1 0.005 824 0.005 814 2p2p[0] 2s3p∗[1]
2p2 1S0 2s3p3P1 0.003 701 0.003 687 2p2p[0] 2s3p[1]
2p2 1S0 2p3s3P1 0.009 104 0.009 107 2p2p[0] 2p∗3s[1]
2p2 1S0 2p3s1P1 0.050 961 0.050 971 2p2p[0] 2p3s[1]
2p2 1S0 2p3d3D1 0.029 345 0.029 347 2p2p[0] 2p∗3d∗[1]
2p2 1S0 2p3d3P1 0.019 784 0.019 785 2p2p[0] 2p3d∗[1]
2p2 1S0 2p3d1P1 0.221 952 0.221 967 2p2p[0] 2p3d[1]
2p2 3P1 2s3p1P1 0.004 883 0.004 884 2p∗2p[1] 2s3p∗[1]
2p2 3P1 2s3p3P1 0.001 655 0.001 656 2p∗2p[1] 2s3p[1]
2p2 3P1 2p3s3P1 0.036 948 0.036 947 2p∗2p[1] 2p∗3s[1]
2p2 3P1 2p3s1P1 0.015 894 0.015 894 2p∗2p[1] 2p3s[1]
2p2 3P1 2p3d3D1 0.101 606 0.101 611 2p∗2p[1] 2p∗3d∗[1]
2p2 3P1 2p3d3P1 0.160 329 0.160 338 2p∗2p[1] 2p3d∗[1]
2p2 3P1 2p3d1P1 0.023 265 0.023 266 2p∗2p[1] 2p3d[1]
2p2 3P2 2s3p1P1 0.016 235 0.016 244 2p∗2p[2] 2s3p∗[1]
2p2 3P2 2s3p3P1 0.012 072 0.012 081 2p∗2p[2] 2s3p[1]
2p2 3P2 2p3s3P1 0.058 686 0.058 680 2p∗2p[2] 2p∗3s[1]
2p2 3P2 2p3s1P1 0.015 596 0.015 586 2p∗2p[2] 2p3s[1]
2p2 3P2 2p3d3D1 0.020 916 0.020 908 2p∗2p[2] 2p∗3d∗[1]
2p2 3P2 2p3d3P1 0.113 174 0.113 178 2p∗2p[2] 2p3d∗[1]
2p2 3P2 2p3d1P1 0.006 002 0.005 980 2p∗2p[2] 2p3d[1]
2p2 1D2 2s3p1P1 0.013 540 0.013 555 2p2p[2] 2s3p∗[1]
2p2 1D2 2s3p3P1 0.025 856 0.025 875 2p2p[2] 2s3p[1]
2p2 1D2 2p3s3P1 0.002 649 0.002 641 2p2p[2] 2p∗3s[1]
2p2 1D2 2p3s1P1 0.077 184 0.077 167 2p2p[2] 2p3s[1]
2p2 1D2 2p3d3D1 0.009 827 0.009 811 2p2p[2] 2p∗3d∗[1]
2p2 1D2 2p3d3P1 0.058 079 0.058 085 2p2p[2] 2p3d∗[1]

2.3. Coupled matrix elements

As mentioned in the introduction, physical two-particle states are linear combinations of
uncoupled two-particle states. For the Fe22+example discussed above, the transition amplitudes
between physical states are linear combinations of the uncoupled transition matrix elements
given in table 1. The expansion coefficients and energies are obtained by diagonalizing the
first-order effective Hamiltonian which includes both Coulomb and Breit interactions. We
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Table 3. Contributions to the coupled reduced matrix elements in lengthL and velocityV
forms for the 2s2p3P2–2p3p3D3 and 2s2p3P2–2s3d3D3 transitions in Fe+22. Coulomb potential:
ε2s2p− ε2s3d= −47.097 7901,ε2s2p− ε2p3p = −47.799 9452,EI1–EF1

1 = −39.619 8519,EI1–
EF2

1 = 41.586 3816 and Dirac–Fock potential:ε2s2p− ε2s3d = −40.777 9346,ε2s2p− ε2p3p =
−42.930 9375,EI1–EF1

1 = −39.811 914 59,EI1–EF2
1 = −41.713 117 49; I = 2s2p3P2,

F1 = 2s3d3D3, F2 = 2p3p3D3.

2s2p3/2[2]–2s3d5/2[3] 2s2p3/2[2]–2p3/23p3/2[3]

L V L V

Coulomb potential
Z(1) 0.303 8452 0.303 8452 0.174 4182 0.174 4182
Z(HF) 0.018 3226 −0.023 6117 −0.000 8382 −0.019 4827
Z(RPA) −0.000 3507 −0.000 1567 0.000 1350 0.000 7842
Z(corr) 0.000 2679 −0.006 6715 −0.000 9389 −0.006 7626
B(HF) 0.000 1353 0.000 006 9 0.000 048 7 0.000 0048
B(RPA) −0.000 0013 −0.000 0138 0.000 0024−0.000 0178
B(corr) 0.000 0216 0.000 001 8−0.000 0018 −0.000 0168
(Z +B) 0.322 2405 0.273 4001 0.172 8255 0.148 9272
P (derv) 0.302 8330 −0.001 1717 0.173 5980−0.000 6874
QF1 0.325 9034 0.325 2234 0.172 6660 0.179 8174
QF2 0.324 8125 0.309 7889 0.172 7101 0.171 2817
CF1 0.995 5104 0.995 5104 0.094 6523 0.094 6523
CF2 −0.094 6523 −0.094 6523 0.995 5104 0.995 5104
Q(I–F) 0.340 7835 0.340 7834 0.141 1904 0.141 1905

Dirac–Fock potential
Z(1) 0.323 9842 0.323 8003 0.173 0699 0.172 4109
Z(HF) 0 0 0 0
Z(RPA) −0.000 3204 −0.000 1329 0.000 1436 0.000 7788
Z(corr) 0.000 2326 −0.007 8991 −0.001 2800 −0.007 5426
B(HF) 0.000 1427 0.000 0092 0.000 0475 0.000 0034
B(RPA) −0.000 0011 −0.000 0144 0.000 0020−0.000 0201
B(corr) 0.000 0194 0.000 0010 0.000 0008−0.000 0123
(Z +B) 0.324 0573 0.315 7641 0.171 9837 0.165 6181
P (derv) 0.323 046 0 −0.001 0837 0.172 3129−0.000 6255
QF1 0.324 0819 0.323 4523 0.171 9579 0.178 6423
QF2 0.324 0347 0.308 6606 0.171 9741 0.170 4716
CF1 0.995 3417 0.995 3417 0.096 4101 0.096 4101
CF2 −0.096 4101 −0.096 4101 0.995 3417 0.995 3417
Q(I–F) 0.339 1507 0.339 1685 0.139 9328 0.139 9195

let Cλ1(vw) designate theλth eigenvector of the first-order effective Hamiltonian and letEλ1
be the corresponding eigenvalue. The coupled transition matrix element between the initial
eigenstateI with angular momentumJ and the final stateF with angular momentumJ ′ is
given by:

Q(1+2)(I − F) = 1

EI1 − EF1
∑
vw

∑
v′w′

CI1(vw)C
F
1 (v

′w′)

×{[εvw − εv′w′ ][Z(1+2)
1 [vw(J )–v′w′(J ′)] + B(2)1 [vw(J )–v′w′(J ′)]]

+[EI1 − EF1 − εvw + εv′w′ ]P
(derv)
1 [vw(J )–v′w′(J ′)]}. (2.1)
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Figure 5. Transition probabilitiesA(2s2 1S0–
2l3l′ 2S+1L1) as functions ofZ.

Figure 6. Transition probabilitiesA(2p2 1D2–
2l3l′ 2S+1L1) as functions ofZ.

Figure 7. Transition probabilitiesA(2s2p1P1–
2l3l′ 2S+1L1) as functions ofZ.

Hereεvw = εv +εw andZ(1+2)
1 = Z(1)1 +Z(HF)

1 +Z(RPA)
1 +Z(corr)

1 . Using these formulae together
with the uncoupled reduced matrix elements given in table 1, we transform the uncoupled
matrix elements to matrix elements between coupled (physical) states. In table 2, we present
values of the 16 2l12l2[LSJ ]–2l33l4[L′S ′J ′] coupled reduced matrix elementsQ in length
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Figure 8. Transition probabilitiesA(2s2p1P1–
2l3l′ 2S+1L2) as functions ofZ.

(L) and velocity (V ) forms for Be-like iron,Z = 26. Even though the results are obtained
in intermediate coupling, it is, nevertheless, convenient to label the physical states using the
[LSJ ] scheme. We can see that the results obtained in theL andV forms differ only in the
fourth or fifth significant figures except for the intercombination transitions 2p2 1S0–2s3p3P1,
2p2 3P2–2p3d1P1, 2p2 1D2–2p3s3P1, and 2p2 1D2–2p3d3D1, all of which are relatively small.

As mentioned previously, theseL−V differences arise because we start our calculations
using the non-local HF potential. It was shown for He-like ions in [24] that first- and second-
order MBPT matrix elements are gauge-independent for calculations starting from alocal
potential. The arguments of [24] are easily extended to Be-like ions. Let us demonstrate
the gauge independence for the transitions 2s2p3P2–2s3d3D3 and 2s2p3P2–2p3p3D3. Here
the initial stateI = 2s2p3P2 ≡ 2s2p3/2(2) is a single-configuration state in any coupling
scheme and only the final states are mixed. Using the [LSJ ] designation for coupled states
F1 = 2s3d3D3 andF2 = 2p3p3D3 and the [jjJ ] designation for uncoupled states 2s3d3/2(3)
and 2p3/23p3/2(3), we can rewriteQ(1+2)[I–Fk] (k distinguishes the two possible final states)
in the following way:

Q(1+2)[I–Fk] = CFk1 (2s3d3/2(3))Q
Fk [I–2s3d5/2(3)]

+CFk1 (2p3/23p3/2(3))Q
Fk [I–2p3/23p3/2(3)], (2.2)

where

QFk [I–2s3d5/2(3)] =
ε2p3/2 − ε3d5/2

EI1 − EFk1

{
(Z(1+2) +B(2))[2s2p3/2(2)–2s3d5/2(3)]

+

(
1− ε2p3/2 − ε3d5/2

EI1 − EFk1

)
P (derv)[2s2p3/2(2)–2s3d5/2(3)]

}
, (2.3)

QFk [I–2p3/23p3/2(3)] =
ε2s− ε3p3/2

EI1–EFk1

{
(Z(1+2) +B(2))[2s2p3/2(2)–2p3/23p3/2(3)]

+

(
1− ε2s− ε3p3/2

EI1 − EFk1

)
P (derv)[2s2p3/2(2)–2p3/23p3/2(3)]

}
. (2.4)

We list the individual contributions to this transition for Be-like iron in table 3. In the first two
columns, we compare results obtained with the local Coulomb potential inL andV forms.
We see that the first-order results are identical in the two forms to the figures quoted even for
uncoupled matrix elements. The second-order uncoupled matrix elementsQF1[I–2s3d5/2(3)],
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Table 4. Wavelengthsλ (Å), transition ratesA (s−1), oscillator strengthsf , and line strengthsS
(au) for even–odd transitions in Be-like nitrogen and oxygen.a: present result,b: recommended
values [27].

Z = 7 Z = 8

l1l2 LSJ l3l4 L
′S′J ′ λ A f S λ A f S

2s2 1S0 2s3p1P1 a 247.133 1.24(10) 3.41(−1) 2.77(−1) 172.158 2.96(10) 3.95(−1) 2.24(−1)
b 1.19(10) 3.27(−1) 2.66(−1) 2.94(10) 3.92(−1) 2.22(−1)

2p2 3P2 2p3d3P2 a 299.550 1.51(10) 2.03(−1) 1.00(0) 201.960 3.52(10) 2.15(−1) 7.16(−1)
b 1.05(10) 1.39(−1) 6.82(−1) 3.43(10) 2.11(−1) 7.02(−1)

2p2 3P1 2p3d3P1 a 299.368 5.15(09) 6.93(−2) 2.05(−1) 201.788 1.22(10) 7.47(−2) 1.49(−1)
b 3.49(09) 4.64(−2) 1.36(−1) 1.21(10) 7.39(−2) 1.48(−1)

2p2 3P2 2p3d3P1 a 299.482 8.18(09) 6.61(−2) 3.26(−1) 201.899 1.88(10) 6.88(−2) 2.29(−1)
b 5.81(09) 4.64(−2) 2.27(−1) 1.81(10) 6.68(−2) 2.22(−1)

2p2 3P1 2p3d3P0 a 299.334 1.94(10) 8.70(−2) 2.57(−1) 201.756 4.42(10) 8.99(−2) 1.79(−1)
b 1.40(10) 6.18(−2) 1.82(−1) 4.25(10) 8.69(−2) 1.74(−1)

2p2 3P1 2p3d3P2 a 299.435 4.32(09) 9.68(−2) 2.86(−1) 201.849 8.95(09) 9.11(−2) 1.82(−1)
b 3.49(09) 7.73(−2) 2.27(−1) 8.18(09) 8.37(−2) 1.67(−1)

2p2 3P0 2p3d3P1 a 299.301 6.08(09) 2.45(−1) 2.42(−1) 201.724 1.32(10) 2.42(−1) 1.60(−1)
b 4.66(09) 1.86(−1) 1.82(−1) 1.23(10) 2.27(−1) 1.51(−1)

2p2 3P2 2p3d3D3 a 302.610 3.61(10) 6.93(−1) 3.45(0) 203.690 8.26(10) 7.20(−1) 2.41(0)
b 3.49(10) 6.72(−1) 3.35(0) 8.16(10) 7.12(−1) 2.39(0)

2p2 3P1 2p3d3D2 a 302.537 2.76(10) 6.31(−1) 1.88(0) 203.621 6.40(10) 6.64(−1) 1.33(0)
b 2.62(10) 6.10(−1) 1.80(0) 6.36(10) 6.60(−1) 1.33(0)

2p2 3P0 2p3d3D1 a 302.497 2.04(10) 8.41(−1) 8.38(−1) 203.584 4.74(10) 8.84(−1) 5.92(−1)
b 1.94(10) 8.01(−1) 7.99(−1) 4.71(10) 8.80(−1) 5.90(−1)

2p2 3P2 2p3d3D2 a 302.654 8.48(09) 1.17(−1) 5.81(−1) 203.734 1.85(10) 1.15(−1) 3.87(−1)
b 8.71(09) 1.20(−1) 5.99(−1) 1.79(10) 1.12(−1) 3.74(−1)

2p2 3P1 2p3d3D1 a 302.565 1.47(10) 2.02(−1) 6.05(−1) 203.649 3.32(10) 2.07(−1) 4.16(−1)
b 1.45(10) 2.00(−1) 5.99(−1) 3.26(10) 2.03(−1) 4.09(−1)

2p2 3P2 2p3d3D1 a 302.682 9.06(08) 7.47(−3) 3.72(−2) 203.762 1.92(09) 7.19(−3) 2.41(−2)
b 9.68(08) 8.00(−3) 3.99(−2) 1.83(09) 6.84(−3) 2.30(−2)

2p2 3P2 2p3s3P2 a 344.511 5.43(09) 9.66(−2) 5.48(−1) 227.304 1.10(10) 8.54(−2) 3.19(−1)
b 4.94(09) 8.81(−2) 5.00(−1) 1.03(10) 8.02(−2) 3.00(−1)

2p2 3P1 2p3s3P1 a 344.557 1.80(09) 3.21(−2) 1.09(−1) 227.341 3.66(09) 2.83(−2) 6.37(−2)
b 1.64(09) 2.94(−2) 1.00(−1) 3.42(09) 2.65(−2) 5.97(−2)

2p2 3P2 2p3s3P1 a 344.709 3.01(09) 3.22(−2) 1.83(−1) 227.482 6.11(09) 2.85(−2) 1.07(−1)
b 2.74(09) 2.94(−2) 1.67(−1) 5.72(09) 2.67(−2) 9.99(−2)

2p2 3P1 2p3s3P0 a 344.651 7.22(09) 4.29(−2) 1.46(−1) 227.425 1.46(10) 3.79(−2) 8.51(−2)
b 6.57(09) 3.91(−2) 1.33(−1) 1.37(10) 3.55(−2) 7.99(−2)

2p2 3P1 2p3s3P2 a 344.359 1.81(09) 5.38(−2) 1.83(−1) 227.163 3.68(09) 4.76(−2) 1.07(−1)
b 1.65(09) 4.90(−2) 1.67(−1) 3.46(09) 4.47(−2) 1.00(−1)

2p2 3P0 2p3s3P1 a 344.469 2.41(09) 1.29(−1) 1.46(−1) 227.260 4.90(09) 1.14(−1) 8.51(−2)
b 2.19(09) 1.17(−1) 1.33(−1) 4.58(09) 1.07(−1) 7.99(−2)

2p2 3P2 2s3p3P2 a 433.025 1.11(07) 3.12(−4) 2.23(−3) 270.601 4.63(07) 5.09(−4) 2.27(−3)
b 1.13(07) 3.21(−4) 2.29(−3) 4.24(07) 4.66(−4) 2.08(−3)

2p2 3P1 2s3p3P1 a 432.851 3.66(06) 1.03(−4) 4.40(−4) 270.458 1.52(07) 1.66(−4) 4.45(−4)
b 3.78(06) 1.07(−4) 4.58(−4) 1.38(07) 1.52(−4) 4.06(−4)

2p2 3P2 2s3p3P1 a 433.091 6.15(06) 1.04(−4) 7.40(−4) 270.658 2.54(07) 1.68(−4) 7.48(−4)
b 6.30(06) 1.07(−4) 7.64(−4) 2.31(07) 1.53(−4) 6.81(−4)

2p2 3P1 2s3p3P0 a 432.881 1.48(07) 1.38(−4) 5.92(−4) 270.485 6.12(07) 2.24(−4) 5.99(−4)
b 1.57(07) 1.43(−4) 6.11(−4) 5.57(07) 2.04(−4) 5.47(−4)

2p2 3P1 2s3p3P2 a 432.786 3.74(06) 1.75(−4) 7.49(−4) 270.402 1.56(07) 2.86(−4) 7.65(−4)
b 3.79(06) 1.78(−4) 7.64(−4) 1.44(07) 2.65(−4) 7.08(−4)
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Table 4. (Continued)

Z = 7 Z = 8

l1l2 LSJ l3l4 L
′S′J ′ λ A f S λ A f S

2p2 3P0 2s3p3P1 a 432.713 4.95(06) 4.17(−4) 5.94(−4) 270.344 2.06(07) 6.77(−4) 6.03(−4)
b 5.05(06) 4.28(−4) 6.11(−4) 1.88(07) 6.21(−4) 5.53(−4)

2p2 1D2 2p3d1P1 a 303.015 1.22(09) 1.02(−2) 5.02(−2) 204.164 2.95(09) 1.11(−2) 3.72(−2)
b 8.72(08) 7.21(−3) 3.60(−2) 2.26(09) 8.56(−2) 2.89(−2)

2p2 1D2 2p3d1F3 a 311.588 3.43(10) 6.99(−1) 3.59(0) 207.747 8.56(10) 7.76(−1) 2.65(0)
b 1.36(10) 2.84(−1) 1.47(0) 8.58(10) 7.78(−1) 2.66(0)

2p2 1D2 2p3d1D2 a 320.658 4.75(10) 7.33(−2) 3.87(−1) 215.075 1.90(10) 1.32(−1) 4.67(−1)
b 1.40(10) 2.20(−1) 1.17(0) 3.07(10) 2.15(−1) 7.64(−1)

2p2 1S1 2p3d1P1 a 352.873 2.16(10) 1.20(0) 1.41(0) 230.651 5.08(10) 1.22(0) 9.24(−1)
b 1.80(10) 1.01(0) 1.17(0) 4.36(10) 1.05(0) 8.05(−1)

2p2 1D2 2p3s1P1 a 350.161 5.11(09) 5.64(−2) 3.25(−1) 230.570 1.05(10) 5.03(−2) 1.91(−1)
b 5.33(09) 5.94(−2) 3.44(−1) 1.12(10) 5.37(−2) 2.04(−1)

2p2 1S0 2p3s1P1 a 418.489 1.82(09) 1.44(−1) 1.98(−1) 264.928 3.87(09) 1.22(−1) 1.07(−1)
b 1.99(09) 1.59(−1) 2.20(−1) 4.39(09) 1.39(−1) 1.22(−1)

2p2 1D2 2s3p1P1 a 458.975 1.79(09) 3.39(−2) 2.56(−1) 285.014 3.28(09) 2.40(−2) 1.12(−1)
b 1.06(09) 2.04(−2) 1.56(−1) 2.28(09) 1.68(−2) 7.94(−2)

2p2 1S0 2s3p1P1 a 583.947 3.89(07) 5.97(−3) 1.15(−2) 339.428 7.01(07) 3.63(−3) 4.06(−3)
b 6.67(07) 1.05(−2) 2.04(−2) 1.26(08) 6.63(−3) 7.42(−3)

2s2 1S0 2s3p3P1 a 246.174 1.33(06) 3.63(−5) 2.95(−5) 171.512 1.17(07) 1.56(−4) 8.78(−5)
b 3.08(06) 8.39(−5) 6.81(−5)

2s2 1S0 2p3s1P1 a 211.709 1.26(06) 2.54(−5) 1.77(−5) 150.668 2.72(08) 2.78(−3) 1.38(−3)
b 2.22(08) 4.45(−3) 3.10(−3)

2s2 1S0 2p3d1P1 a 193.506 2.35(09) 3.96(−2) 2.32(−2) 138.927 4.12(09) 3.58(−2) 1.64(−2)
b 3.58(08) 5.99(−3) 3.80(−3) 5.13(09) 4.46(−2) 2.04(−2)

QF1[I–2p3/23p3/2(3)] andQF2[I–2s3d5/2(3)], QF2[I–2p3/23p3/2(3)] are different in the two
gauges but, for the Coulomb case, they become identical after coupling. Thus for the local
Coulomb potential, both first- and second-order matrix elements are identical inLandV forms.
We do not obtain exact agreement betweenL andV forms for calculations starting from the
non-local HF. However, as seen in the final row of table 3, theL − V differences are very
small for the final coupled matrix element even in the HF case. The largestL−V differences
occur for forbidden transitions. They range between 0.1% and 1% for the transitions shown
in table 2 and are smaller than the uncertainties in available experimental data.

2.4. Negative-energy contributions

Negative-energy state (NES) contributions to the second-order reduced matrix element arise
from terms in the sums over statesi andn in equations (A3)–(A5) for whichεi < −mc2. The
NES contributions for non-relativistically allowed transitions were discussed in [24] for He-
like ions, where they were found to be most important for velocity-form matrix elements; they
do not significantly modify length-form matrix elements. Also, it was shown in [24] that the
inclusion of NES is necessary to insure gauge independence. We confirm this conclusion for
Be-like ions here. The matrix elements in tables 1–3 include NES contributions. In [31], it was
shown that NES contributions can be comparable to the ‘regular’ positive-energy contributions
for certain non-relativistically forbidden transitions in He-like ions. We observed similar large
contributions here forLS-forbidden transitions.



3538 U I Safronova et al

Table 5. Wavelengthsλ (Å), transition ratesA (s−1), oscillator strengthsf , and line strengthsS
(au) for odd–even transitions in Be-like nitrogen and oxygen.a: present result,b: recommended
values [27].

Z = 7 Z = 8

l1l2 LSJ l3l4 L
′S′J ′ λ A f S λ A f S

2s2p3P2 2p3p3P2 a 233.966 3.76(09) 3.09(−2) 1.19(−1) 164.557 9.87(09) 4.01(−2) 1.09(−1)
b 3.57(09) 2.93(−2) 1.13(−1) 9.77(09) 3.97(−2) 1.08(−1)

2s2p3P1 2p3p3P1 a 233.938 1.20(09) 9.82(−3) 2.27(−2) 164.526 3.07(09) 1.25(−2) 2.03(−2)
b 1.19(09) 9.78(−3) 2.26(−2) 3.06(09) 1.24(−2) 2.02(−2)

2s2p3P2 2p3p3P1 a 234.017 2.19(09) 1.08(−2) 4.15(−2) 164.609 5.86(09) 1.43(−2) 3.87(−2)
b 1.98(09) 9.78(−3) 3.77(−2) 5.76(09) 1.40(−2) 3.81(−2)

2s2p3P1 2p3p3P0 a 233.967 5.00(09) 1.37(−2) 3.16(−2) 164.557 1.31(10) 1.77(−2) 2.88(−2)
b 4.76(09) 1.30(−2) 3.02(−2) 1.29(10) 1.75(−2) 2.85(−2)

2s2p3P1 2p3p3P2 a 233.887 1.23(09) 1.68(−2) 3.89(−2) 164.474 3.20(09) 2.16(−2) 3.51(−2)
b 1.19(09) 1.63(−2) 3.77(−2) 3.14(09) 2.12(−2) 3.45(−2)

2s2p3P0 2p3p3P1 a 233.903 1.61(09) 3.96(−2) 3.05(−2) 164.489 4.15(09) 5.05(−2) 2.74(−2)
b 1.59(09) 3.91(−2) 3.02(−2) 4.10(09) 4.99(−2) 2.71(−2)

2s2p3P2 2p3p3S1 a 236.741 3.37(09) 1.70(−2) 6.62(−2) 166.106 7.74(09) 1.92(−2) 5.26(−2)
b 5.12(09) 2.49(−2) 9.50(−2) 7.97(09) 1.98(−2) 5.42(−2)

2s2p3P1 2p3p3S1 a 236.660 2.14(09) 1.79(−2) 4.19(−2) 166.021 5.09(09) 2.10(−2) 3.45(−2)
b 3.08(09) 2.49(−2) 5.70(−2) 5.22(09) 2.16(−2) 3.54(−2)

2s2p3P0 2p3p3S1 a 236.624 7.31(08) 1.84(−2) 1.43(−2) 165.983 1.77(09) 2.19(−2) 1.20(−2)
b 1.03(09) 2.49(−2) 1.90(−2) 1.82(09) 2.25(−2) 1.23(−2)

2s2p3P2 2p3p3D3 a 239.443 2.38(09) 2.87(−2) 1.13(−1) 167.915 6.52(09) 3.86(−2) 1.07(−1)
b 3.19(09) 3.85(−2) 1.52(−1) 7.46(09) 4.42(−2) 1.22(−1)

2s2p3P1 2p3p3D2 a 239.447 1.80(09) 2.58(−2) 6.10(−2) 167.918 4.94(09) 3.48(−2) 5.78(−2)
b 2.40(09) 3.44(−2) 8.14(−2) 5.66(09) 3.99(−2) 6.62(−2)

2s2p3P0 2p3p3D1 a 239.466 1.33(09) 3.44(−2) 2.71(−2) 167.935 3.66(09) 4.64(−2) 2.57(−2)
b 1.77(09) 4.58(−2) 3.62(−2) 4.19(09) 5.31(−2) 2.94(−2)

2s2p3P2 2p3p3D2 a 239.530 5.83(08) 5.02(−3) 1.98(−2) 168.005 1.57(09) 6.66(−3) 1.84(−2)
b 7.98(08) 6.87(−3) 2.71(−2) 1.79(09) 7.58(−3) 2.10(−2)

2s2p3P1 2p3p3D1 a 239.503 9.85(08) 8.48(−3) 2.00(−2) 167.974 2.67(09) 1.13(−2) 1.88(−2)
b 1.33(09) 1.15(−2) 2.71(−2) 3.04(09) 1.29(−2) 2.14(−2)

2s2p3P2 2p3p3D1 a 239.586 6.39(07) 3.30(−4) 1.30(−3) 168.061 1.71(08) 4.35(−4) 1.21(−3)
b 8.86(07) 4.58(−4) 1.81(−3) 1.95(08) 4.97(−4) 1.38(−3)

2s2p3P2 2s3d3D3 a 283.339 3.05(10) 5.15(−1) 2.40(0) 192.815 7.03(10) 5.49(−1) 1.74(0)
b 3.05(10) 5.14(−1) 2.40(0) 6.89(10) 5.38(−1) 1.71(0)

2s2p3P1 2s3d3D2 a 283.228 2.29(10) 4.59(−1) 1.28(0) 192.708 5.28(10) 4.90(−1) 9.33(−1)
b 2.29(10) 4.59(−1) 1.29(0) 5.17(10) 4.82(−1) 9.15(−1)

2s2p3P0 2s3d3D1 a 283.182 1.70(10) 6.13(−1) 5.71(−1) 192.661 3.91(10) 6.54(−1) 4.14(−1)
b 1.69(10) 6.12(−1) 5.71(−1) 3.83(10) 6.41(−1) 4.07(−1)

2s2p3P2 2s3d3D2 a 283.344 7.63(09) 9.19(−2) 4.29(−1) 192.822 1.76(10) 9.81(−2) 3.11(−1)
b 7.61(09) 9.18(−2) 4.28(−1) 1.72(10) 9.60(−2) 3.05(−1)

2s2p3P1 2s3d3D1 a 283.233 1.27(10) 1.53(−1) 4.28(−1) 192.713 2.93(10) 1.63(−1) 3.11(−1)
b 1.27(10) 1.53(−1) 4.28(−1) 2.88(10) 1.60(−1) 3.05(−1)

2s2p3P2 2s3d3D1 a 283.349 8.48(08) 6.13(−3) 2.86(−2) 192.827 1.96(09) 6.54(−3) 2.08(−2)
b 8.46(08) 6.12(−3) 2.86(−2) 1.91(09) 6.40(−3) 2.03(−2)

2s2p3P2 2s3s3S1 a 322.005 5.38(09) 5.02(−2) 2.66(−1) 214.998 1.09(10) 4.55(−2) 1.61(−1)
b 4.99(09) 4.68(−2) 2.48(−1) 1.02(10) 4.23(−2) 1.50(−1)

2s2p3P1 2s3s3S1 a 321.854 3.23(09) 5.01(−2) 1.59(−1) 214.856 6.56(09) 4.54(−2) 9.63(−2)
b 3.00(09) 4.68(−2) 1.49(−1) 6.09(09) 4.22(−2) 8.97(−2)

2s2p3P0 2s3s3S1 a 321.788 1.07(09) 5.01(−2) 5.31(−2) 214.793 2.18(09) 4.53(−2) 3.21(−2)
b 1.00(09) 4.68(−2) 4.97(−2) 2.03(09) 4.23(−2) 2.99(−2)
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Table 5. (Continued)

Z = 7 Z = 8

l1l2 LSJ l3l4 L
′S′J ′ λ A f S λ A f S

2s2p1P1 2p3p1S0 a 265.077 1.19(09) 4.19(−3) 1.10(−2) 181.258 5.61(09) 9.23(−3) 1.65(−2)
b 2.54(09) 8.57(−3) 2.20(−2) 5.13(09) 8.52(−3) 1.53(−2)

2s2p1P1 2p3p1D2 a 270.213 9.79(09) 1.79(−1) 4.77(−1) 185.431 2.39(10) 2.05(−1) 3.76(−1)
b 9.70(09) 1.78(−1) 4.76(−1) 2.13(10) 1.83(−1) 3.36(−1)

2s2p1P1 2p3p1P1 a 283.725 8.23(09) 9.94(−2) 2.78(−1) 193.850 1.02(10) 1.08(−1) 2.08(−1)
b 7.22(09) 8.83(−2) 2.49(−1) 1.73(10) 9.81(−2) 1.89(−1)

2s2p1P1 2s3d1D2 a 333.228 1.84(10) 5.10(−1) 1.68(0) 219.712 4.34(10) 5.24(−1) 1.14(0)
b 1.84(10) 5.18(−1) 1.71(0) 4.29(10) 5.21(−1) 1.13(0)

2s2p1P1 2s3s1S0 a 382.441 4.02(09) 2.94(−2) 1.11(−1) 246.889 7.64(09) 2.33(−2) 5.68(−2)
b 2.55(09) 1.92(−2) 7.32(−2) 5.59(09) 1.72(−2) 4.23(−2)

3. Results and discussion

We calculate line strengths, oscillator strengths, and transition probabilities for 2l12l2[LSJ ]–
2l33l4[L′S ′J ′] lines for all ions withZ = 6–100. The results were calculated in both length
and velocity forms but, in view of the gauge independence discussed above, only length-form
results are presented in the following tables and figures. The theoretical energies used to
evaluate oscillator strengths and transition probabilities are calculated using the second-order
MBPT formalism developed in [25,28].

Transition ratesA (s−1) for 2l12l2[LSJ ]–2l33l4[L′S ′J ′] lines are given in figures 5–8.
Each figure shows transitions to a fixedLSJ state from states belonging to acomplexof
states 2l33l4[LS]. A complex includes all states of the same parity andJ obtained from
combinations of 2l33l4[LS] states. For example, the odd-parity complex withJ = 1 includes
states: 2s3p1P1, 2s3p3P1, 2p3s3P1, 2p3s1P1, 2p3d3D1, 2p3d3P1, 2p3d1P1 in LS coupling,
or 2s3p1/2[1], 2s3p3/2[1], 2p1/23s[1], 2p3/23s[1], 2p1/23d3/2[1], 2p3/23d3/2[1], 2p3/23d5/2[1] in
jj coupling. Later, we use theLS designations since they are more conventional. In figures 5
and 6, we present transition probabilities from levels of the odd-parity complex states with
J=1 into the two even-parity 2l12l2 states 2s2 1S0 and 2p2 1D2, respectively. Transition rates
into the 2s2p1P1 level from the even-parity complex withJ = 1 are presented in figure 7 and
those from the even-parityJ = 2 complex are presented in figure 8.

The 2s2p1P1–2s3s1S0 transition shown in figure 5 was investigated by Smithet al [32]
for ions withZ = 4–26 in 1973. In figure 6, there is a double cusp in theZ = 35–36 range
which can be explained by crossing of the 2p3s1P1 and 2p3d3D1 levels. These two levels
are very close in this interval, the energy splitting being less than 1% of the level separation
within the complex. We observe in figure 6 that the curve describing the 2p2 1D2 − 2p3s1P1

transition is smooth provided that the label 2p3s1P1 is changed into the label 2p3d3D1. Other
singularities are also found for theA-values of the transitions 2p2 1D2–2p3s3P1 in figure 6,
2s2p1P1–2p3p3P1 in figure 7, and 2s2p1P1–2s3d3D2 in figure 8. All of these areLS-forbidden
transitions. It is worth noting that the singularities occur when theA-values for a given
transition become very small compared with the otherA-values within a given complex.

We note that theA-values forLS-forbidden transitions can become dominant for high
Z as seen, e.g., in the transitions 2s2 1S0–2p3s3P1 in figure 5, 2p2 1D2–2p3d3P1 in figure 6,
and 2s2p1P1–2p3p3P1 in figure 7. This occurs becauseLS coupling gradually changes to
jj coupling asZ increases. For example, theLS-forbidden transition 2s2p1P1–2p3p3P1

becomes thejj -allowed transition 2s2p3/2[1]–2p3/23p3/2[1] at highZ. We also note that the
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Table 6. Wavelengthsλ (Å), oscillator strengthsf , and transition ratesA (s−1) for the
2s2 1S0–2s3p1P1 transition. Present calculationsa compared with other theoretical valuesb−e and
experimental valuesg.

Z λa f a f b,e Aa Ac,d Ag

6 85.64 0.267 0.241b 3.99(09) 3.45(09)d 2.95(09)
7 47.13 0.341 0.334b 1.24(10) 1.13(10)c 1.04(10)
8 72.16 0.399 0.400b 2.99(10) 2.84(10)c 2.65(10)
9 26.93 0.445 0.450b 6.14(10) 5.98(10)c 5.62(10)

10 7.503 0.480 0.488b 1.12(11) 1.10(11)c 1.05(11)
11 7.269 0.508 1.89(11) 1.87(11)c 1.80(11)
12 2.750 0.528 0.538e 2.98(11) 2.96(11)c 2.86(11)
13 1.975 0.539 0.550e 4.43(11) 4.42(11)c 4.29(11)
14 3.756 0.540 0.553e 6.27(11) 6.27(11)c 6.09(11)
15 7.342 0.529 0.543e 8.43(11) 8.43(11)c 8.22(11)
16 2.242 0.503 0.521e 1.08(12) 1.08(12)c 1.06(12)
17 8.118 0.467 0.489e 1.31(12) 1.33(12)
18 4.736 0.425 0.455e 1.54(12) 1.59(12)c 1.58(12)
19 1.928 0.386 0.429e 1.78(12) 1.83(12)
20 9.572 0.352 0.416e 2.04(12) 2.11(12)c 2.08(12)
21 7.574 0.324 0.390e 2.33(12) 2.37(12)
22 5.866 0.303 0.325e 2.67(12) 2.75(12)
23 4.394 0.286 0.301e 3.07(12) 3.15(12)
24 3.116 0.274 0.286e 3.54(12) 3.83(12)
25 2.000 0.265 0.274e 4.08(12) 4.43(12)
26 1.020 0.258 0.265e 4.71(12) 4.86(12)c 5.13(12)
27 0.154 0.252 0.259e 5.44(12)
28 9.385 0.249 0.258e 6.27(12)
29 8.699 0.246 0.249e 7.22(12)
30 8.085 0.244 0.249e 8.30(12)
32 7.035 0.242 0.246e 1.09(13)
34 6.173 0.242 0.245e 1.41(13)
36 5.459 0.243 0.245e 1.81(13) 1.84(13)c

38 4.859 0.244 0.234e 2.30(13)
40 4.351 0.246 0.236e 2.89(13)
42 3.916 0.248 0.238e 3.59(13)
44 3.542 0.250 0.240e 4.42(13)
45 3.374 0.251 0.241e 4.89(13)
46 3.218 0.251 0.243e 5.40(13)
47 3.071 0.252 0.244e 5.94(13)
48 2.934 0.253 0.245e 6.53(13)
49 2.806 0.254 0.246e 7.17(13)
50 2.685 0.255 0.247e 7.85(13)
52 2.465 0.256 0.248e 9.36(13)
54 2.270 0.257 0.250e 1.11(14)

a Present calculations.
b Froese Fischeret al [16].
c Fritzsche and Grant [22].
d Eissner and Tully [8].
e Kim et al [21].
g Curtiset al [36].

Z-dependence of uncoupled matrix elements are smooth functions ofZ and singularities occur
only after coupling.
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Table 7. Wavelengthsλ (Å), oscillator strengthsf , transition ratesA (s−1) for the 2s2 1S0–2s3p3P1
transition. Present calculationsa compared with other theoretical valuesb−e and experimental
valuesg.

Z λa f a f b Aa Ac Ad Ae Ag

6 384.55 0.000 01 8.41(04) 5.0(05) 4(05)
7 246.17 0.000 04 1.33(06) 1.40(06) 4.97(06) 3.2(06) 2.8(06)
8 171.51 0.000 16 1.17(07) 1.64(07) 2.22(07) 1.96(07) 1.9(07)
9 126.50 0.000 52 7.15(07) 8.55(07) 9.59(07) 9.89(07) 1.00(08)

10 97.213 0.001 4 3.38(08) 3.85(08) 3.70(08) 4.15(08) 4.18(08)
11 77.067 0.003 6 1.33(09) 1.55(09) 1.27(09) 1.68(09)
12 62.606 0.008 1 0.022 4.56(09) 4.72(09) 3.97(09) 5.76(09)
13 51.869 0.017 0.032 1.39(10) 1.39(10) 1.13(10) 1.76(10)
14 43.676 0.033 0.047 3.83(10) 3.70(10) 2.97(10) 4.77(10)
15 37.280 0.059 0.069 9.47(10) 9.33(10) 7.21(10) 1.11(11)
16 32.190 0.097 0.102 2.09(11) 2.02(11) 1.60(11) 2.23(11)
17 28.074 0.145 0.145 4.10(11) 4.10(11)
18 24.696 0.196 0.195 7.16(11) 6.67(11) 5.93(11) 7.11(11)
19 21.891 0.245 0.245 1.13(12) 1.15(12)
20 19.535 0.287 0.334 1.67(12) 1.60(12) 1.52(12) 1.73(12)
21 17.537 0.321 0.343 2.32(12) 2.43(12)
22 15.829 0.348 0.355 3.09(12) 3.00(12) 3.22(12)
23 14.357 0.370 0.371 3.99(12) 4.22(12)
24 13.079 0.387 0.387 5.03(12) 4.06(12) 5.13(12)
25 11.962 0.401 0.400 6.22(12) 6.39(12)
26 10.981 0.411 0.411 7.58(12) 4.86(12) 5.30(12) 7.85(12)
27 10.115 0.420 0.420 9.12(12)
28 9.346 0.426 0.426 1.08(13)
29 8.660 0.431 0.431 1.28(13)
30 8.045 0.434 0.435 1.49(13)
32 6.994 0.437 0.439 1.99(13)
34 6.133 0.437 0.438 2.60(13)
36 5.418 0.432 0.434 3.27(13) 3.24(13)
38 4.818 0.425 0.419 4.07(13)
40 4.310 0.413 0.407 4.94(13)
42 3.876 0.396 0.386 5.86(13)
44 3.502 0.372 0.356 6.74(13)
45 3.335 0.356 0.336 7.11(13)
46 3.179 0.337 0.311 7.40(13)
47 3.033 0.313 0.276 7.57(13)
48 2.896 0.286 0.190 7.58(13)
49 2.769 0.255 0.181 7.39(13)
50 2.649 0.221 0.167 6.99(13)
52 2.431 0.151 0.115 5.68(13)
54 2.238 0.094 0.071 4.19(13)

a Present calculations.
b Kim et al [21].
c Fritzsche and Grant [22].
d Eissner and Tully [8].
e Froese Fischeret al [17].
g Curtiset al [36].

In table 4, we give transition probabilitiesA, oscillator strengthsf , and line strengthsS
for allowed even–odd transitions 2s2–2s3p, 2p2–2p3s, and 2p2–2p3d for the two low-Z ions
N3+ and O4+. Results from the present calculations are listed in rows labelleda and values
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recommended by NIST given in [27] are listed in rows labelledb. In table 5, we give a similar
tabulation ofA, f , andS for allowed odd–even transitions 2s2p–2s3s and 2s2p–2s3d in N3+

and O4+. We find reasonably good agreement (5–50%) between our data and the NIST data for
N3+ and see that the agreement improves for O4+, in accordance with the expected accuracy
of MBPT calculations. It should be emphasized that the accuracy of our data improves with
increasingZ, owing to the better convergence of MBPT for higher values of nuclear charge.

In tables 6 and 7, we compare ourf - andA-values for two transitions 2s2 1S0–2s3p1P1

and 2s2 1S0–2s3p3P1 with theoretical [4, 8, 16, 17, 21, 22] and experimental [33–36] data in
the rangeZ = 6–54. There are other decay channels from the levels 2s3p1P1 and 2s3p3P1

besides the one to the ground state; namely, decays to the 2s3s1S0 and 2s3s3S1 states. The
A-values for the 2s3s3S1–2s3p3P1 transitions are much larger than those for the 2s2 1S0–
2s3p3P1 transitions forZ = 6, 7, and 8 as seen in table 7. The agreement between various
A- andf -values for allowed transitions presented in table 6 is very good. By contrast, the
A-values for intercombination transitions are very sensitive to different theoretical methods
and the agreement is poor, as seen in table 7.

4. Conclusion

We have presented a systematic second-order relativistic MBPT study of reduced matrix
elements, oscillator strengths, and transition rates for allowed and forbidden 2l–3l′ electric-
dipole transitions in Be-like ions with nuclear charges ranging fromZ = 6 to 100. The retarded
dipole matrix elements include correlation corrections from Coulomb and Breit interactions.
Contributions from NESs were also included in the second-order matrix elements. Both length
and velocity forms of the matrix elements were evaluated, and small differences, caused by
the non-locality of the starting HF potential, were found between the two forms. Second-
order MBPT transition energies were used to evaluate oscillator strengths and transition rates.
Our theoretical data for allowed transitions agree with experiment within the experimental
uncertainties for the 2s2p1P1 level. We believe that these results will be useful in analysing
existing experimental data and planning new experiments. Additionally, the matrix elements
from the present calculations provide basic theoretical input for calculations of reduced matrix
elements, oscillator strengths, and transition rates in three-electron boron-like ions.
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Appendix. MBPT formulae

The first-order reducedK-pole matrix elementZ(1)K for transitions between two statesvw(J )
andv′w′(J ′) is [24]

Z
(1)
K [v1w1(J )–v2w2(J

′)] =
√

[J ][J ′]
∑
vw

∑
v′w′
SJ (v1w1, vw)SJ

′
(v2w2, v

′w′)

×(−1)K+jw+jv′
{
J J ′ K

jv′ jw jv

}
ZK(v

′w)δvw′ , (A1)

where [J ] = 2J + 1. The quantitySJ (v1w1, vw) is a symmetry coefficient defined by

SJ (v1w1, vw) = ηv1w1[δv1vδw1w + (−1)jv+jw+J+1δv1wδw1v], (A2)
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whereηvw is a normalization factor given by

ηvw =
{

1 for w 6= v
1/
√

2 for w = v.

The dipole matrix elementZ1(vw) = 3
k
〈v‖t (1)1 ‖w〉, which includes retardation, is given in

length and velocity forms by equations (38), (39) of [24] and equations (3), (4) of [1].
The second-order reduced matrix elementZ

(2)
K for the transition between the two states

vw(J )–v′w′(J ′) consists of four contributions:Z(HF)
K , Z(RPA)

K , Z(corr)
K , andZ(derv)

K :

Z
(HF)
K [v1w1(J )–v2w2(J

′)] =
√

[J ][J ′]
∑
vw

∑
v′w′
SJ (v1w1, vw)SJ

′
(v2w2, v

′w′)

×(−1)K+jw+jv′
{
J J ′ K

jv′ jw jv

}∑
i

[
ZK(v

′i)1iw

εi − εw +
ZK(iw)1v′i

εi − εv′
]
δvw′ , (A3)

Z
(RPA)
K [v1w1(J )–v2w2(J

′)] = 1

2K + 1

√
[J ][J ′]

∑
vw

∑
v′w′
SJ (v1w1, vw)SJ

′
(v2w2, v

′w′)

×(−1)jw′+jv
{
J J ′ K

jv′ jw jv

}
×
∑
n

∑
b

[
ZK(bn)ZK(wbv

′n)
εn + εv′ − εw − εb +

ZK(nb)ZK(wnv
′b)

εn + εw − εv′ − εb

]
δvw′ , (A4)

Z
(corr)
K [v1w1(J )–v2w2(J

′)]

=
√

[J ][J ′]
∑
vw

∑
v′w′
SJ (v1w1, vw)SJ

′
(v2w2, v

′w′)
∑
k

(−1)K+k
∑
i

×
[
ZK(iv)Xk(v

′w′wi)
εi + εw − εv′ − εw′

{
J J ′ K

ji jv jw

}{
ji jw J ′

jv′ jw′ k

}
(−1)J+jw+jw′

+
ZK(v

′i)Xk(iw′vw)
εi + εw‘ − εv − εw

{
J ′ J K

ji jv′ jw′

}{
ji jw′ J

jw jv k

}
(−1)jv+jv′

]
. (A5)

In the above equations, the indexb designates core states,n designates virtual (excited) states,
and i denotes an arbitrary core or excited state. In the sums overi in equation (A3), all
terms with vanishing denominators are excluded. In the sum occurring in the first term of
equation (A5), statesi for which(iw) is in the model space of final states(v′w′) are excluded,
while in the second term, statesi for which (iw′) is in the model space of initial states(vw)
are excluded. In the sums overn in the RPA matrix elements (A4), all core states are excluded.

We denote the two-particle Coulomb + Breit interaction integral including direct and
exchange parts byZk(abcd). The Coulomb contributions are given by

Zk(bcmn) = Xk(bcmn) +
∑
k′

[k]

{
jb jm k

jc jn k′

}
Xk′(bcnm), (A6)

where

Xk(abcd) = 〈a| |Ck| |c〉〈b||Ck||d〉Rk(abcd). (A7)

In the above equation,Ck are normalized spherical harmonics andRk(abcd)are Slater integrals.
To include the Breit interaction, the Coulomb matrix elementXk(abcd) must be modified
according to the rule:

Xk(abcd)→ Xk(abcd) +Mk(abcd) +Nk(abcd). (A8)



3544 U I Safronova et al

The magnetic radial integralsMk andNk are defined by equations (A4), (A5) in [37]. The
quantity1ij in equation (A3) is defined as:

1ij =
∑
a

δjijj

√
[ja]

[ji ]
Z0(iaja), (A9)

for the Coulomb case (for details see [28].
The second-order reduced matrix element of the derivative term is given by:

Z
(derv)
K [vw(J )–v′w′(J ′)] = α(E(1)vw − E(1)v′w′)P (derv)

K [vw(J )–v′w′(J ′)], (A10)

whereE(1)vw is the first-order correction to the energy defined by equations (2.8)–(2.10) in [28],
andα is the fine-structure constant. The quantityP (derv) is given by

P
(derv)
K [v1w1(J )–v2w2(J

′)] =
√

[J ][J ′]
∑
vw

∑
v′w′
SJ (v1w1, vw)SJ

′
(v2w2, v

′w′) (A11)

×(−1)K+jw+jv′
{
J J ′ K

jv′ jw jv

}
Z
(derv)
K (v′w)δvw′ . (A12)

The expression forZ(derv)
K (vw) is obtained from〈v‖ dt (1)K

dk ‖w〉 and given by equations (10) and
(11) in [1] forK = 1.
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